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Abstract  − This paper considers a two-dimensional 
direction-of-arrival (DOA) estimation problem from a 
collaborative, distributed antenna array where each 
subarray is a distributed sensing node that is arbitrarily 
oriented. While the relative locations of the subarrays are 
not precisely known, it is assumed that the configuration of 
each subarray is locally calibrated whereas the cross-
covariance matrix between a pair of distributed nodes 
includes an unknown phase difference. Without explicitly 
estimating such unknown phase difference, subspace-based 
DOA estimation methods fail to coherently utilize the 
subarrays to locate the DOAs of the impinging signals. We 
propose a group sparsity-based approach to achieve 
accurate DOA estimation that is resilient to unknown phase 
disparities between subarrays. Simulation results clearly 
illustrate the effectiveness of the group sparsity-based 
approach using group LASSO, and the superiority over 
subspace-based methods, such as the MUSIC algorithm, is 
demonstrated. 

Keywords: Direction-of-arrival estimation, distributed array, 
sparse array, group sparsity, unmanned aerial vehicle, cube 
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I. INTRODUCTION  
Distributed sensing and source/target localization using 
distributed arrays have attracted significant interests in recent 
years [1 − 8]. A collaborative sensing system comprising 
distributed sensing nodes enables small platforms’ coordination, 
such as sensor networks, unmanned aerial vehicle (UAV) 
swarms, and cube satellite (CubeSat) systems [9− 13]. In 
particular, a distributed array exploiting multiple closely spaced 
subarrays provides an effective alternative to large-scale arrays 
when they cannot be feasibly built on a single platform.  
 To jointly perform directions-of-arrival (DOA) estimation 

based on a distributed array, non-coherent processing of partly-
calibrated subarrays is studied in [1, 5]. In [6], collinear 
subarrays are considered, and covariance matrix completion is 
used to achieve a full aperture of the distributed array. Parallel 
sparse arrays are considered in [14] to achieve two-dimensional 
(2-D) DOA estimation. Mixed-precision data using full-
precision self-subarray covariance matrices and one-bit data-
based cross-subarray covariance matrices are developed in [7, 8] 
to achieve full-aperture exploitation and enhanced DOA 
estimation performance in a communication traffic-limited 
distributed array system. Direction finding using a partly-
calibrated arrays in the presence of position errors is considered 
in [15].  
 Most work reported in the literature considers subarrays that 
are placed in either a collinear or a parallel fashion. Although 
such assumptions make the analyses simpler, in many practical 
applications, the subarrays may be placed in arbitrary 
orientations. In such scenarios, the signal models deviate from 
those developed for collinear and parallel subarrays. On the 
other hand, subarrays with different orientations form a 2-D 
distributed array aperture, thereby enabling 2-D DOA estima-
tion of the scene.   
 In this paper, we consider a distributed array in which 
multiple linear subarrays are placed in a plane with arbitrary 
orientations. The signal model is developed with the 
consideration of the unknown phase differences between the 
signals received by these subarrays. The presence of such 
unknown phase differences impedes the direction application of 
subspace-based DOA estimation methods, such as MUltiple 
Signal Classification (MUSIC), for coherent processing across 
the entire array without explicitly estimating these phase 
differences [16].  In other words, the signals received at the 
subarrays cannot be coherently combined based on traditional 
subspace-based DOA estimation methods.  
 It is interesting to note that such a DOA estimation problem 
with unknown phase differences between subarrays is analogous 
to that encountered in the DOA estimation based on multi-
frequency and wideband arrays, where the phase differences 
between the observed signals corresponding to different 
frequencies is unknown [17−20].  For such problems, group 
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sparsity-based methods, which utilize the shared sparse patterns 
of the nonzero entries without phase alignment requirement, are 
known to provide near-coherent signal processing capabilities 
[21]. In this paper, we use the group Least Absolute Shrinkage 
and Selection Operator (LASSO) [22, 23] approach to produce 
robust DOA estimation estimates. Simulation results are 
provided to verify that, unlike MUSIC which is sensitive to the 
unknown phase differences between the subarrays, the group 
LASSO-based approach enables robust DOA estimation 
without relying on the knowledge of the phase differences. 

Notations: We use lower-case (upper-case) bold characters 
to describe vectors (matrices). In particular, 𝑰ே  denotes the 𝑁 ൈ 𝑁 identity matrix and 0 stands for a vector or matrix with 
all elements to be zero. ሺ൉ሻ∗ represents complex conjugate, ሺ൉ሻ୘ 
and ሺ൉ሻୌ  respectively denote the transpose and conjugate 
transpose of a matrix or a vector. diagሺ⋅ሻ  and bdiagሺ⋅ሻ respectively form diagonal and block diagonal matrices, 
and vecሺ⋅ሻ  forms a vector from a matrix. || ⋅ ||ଶ  and || ⋅ ||ଵ,ଶ 
represent the 𝑙ଶ norm and mixed 𝑙ଵ,ଶ norm of a vector, 
respectively. 𝔼ሺ⋅ሻ performs statistical expectation and ⨂ 
performs Kronecker product. For a matrix 𝑨, the element in the 𝑝th row and 𝑞th column is denoted as 𝑨ሺ𝑝, 𝑞ሻ. 

II. SIGNAL MODEL  
Consider 𝐾  arbitrarily oriented linear subarrays, and an 
example of a distributed array comprising two sparse subarrays 
is shown in Fig. 1 on a half-wavelength grid. Each subarray can 
be mounted on a small platform, such as a UAV or a CubeSat. 
The arrays are located at the same altitude and all antennas are 
placed in the same 𝑥-𝑦 plane. Each subarray is a linear array 
consisting of 𝑀௞ ൒ 2 sensors which may either be uniformly 
or sparsely placed [24−27]. The total number of antennas in 
the distributed array is 𝑀 ൌ ∑ 𝑀௞௄௞ୀଵ . The configuration of 
each subarray is calibrated and known, whereas the relative 
positions of the subarrays are not precisely known.  
 The nodes are closely located such that the paths from the 
signals to these nodes are considered parallel, i.e., the subarrays 
observe the same DOAs of the scene. The position of the 𝑚th 
antenna in the 𝑘th subarray is denoted as ሺ𝑥௞௠,𝑦௞௠ሻ. We take 
the first antenna of the first node as the global reference of the 
array, i.e., ሺ𝑥ଵଵ,𝑦ଵଵሻ ൌ ሺ0, 0ሻ. The orientation of the 𝑘th nodes 
is denoted as 𝛽௞ with respect to the 𝑥-axis and is assumed to be 
known for all 𝑘. Without loss of generality, we assume 𝛽ଵ ൌ 0.  
 When 𝐿 uncorrelated and far-field signals impinge on the 
arrays from directions ሺ𝜃௟ ,𝜙௟ሻ, 𝑙 ൌ 1,⋯ , 𝐿, where 𝜃௟  and 𝜙௟ 
are respectively the elevation and azimuth angles of the 𝑙 th 
signal, the baseband signal vector received at the subarray of 
the 𝑘th node is expressed as 𝒙ሺ௞ሻሺ𝑡ሻ ൌ෍𝑠௟ሺ𝑡ሻ௅

௟ୀଵ eି௝ଶగ఑ௗ೗ሺೖሻ𝒂ሺ௞ሻሺ𝜃௟ ,𝜙௟ሻ൅ 𝒏ሺ௞ሻሺ𝑡ሻ, (1) 

where 𝑠௟ሺ𝑡ሻ is the waveform of the 𝑙th signal,  𝜅 ൌ 𝑓௖/𝑐 is the 
wavenumber with 𝑓௖ denoting the carrier frequency and 𝑐 the 
propagation velocity of electromagnetic waves in free space,  

 
Figure 1.  Geometry of a distributed array comprising two 3-
element subarrays plotted on a half-wavelength grid. 

 𝑑௟ሺ௞ሻ is the unknown distance between the 𝑙th signal and the 
reference antenna of the 𝑘th node, 𝒂ሺ௞ሻሺ𝜃௟ ,𝜙௟ሻ is the steering 
vector of the subarray at the 𝑘th node towards the 𝑙th signal, 
and 𝒏ሺ௞ሻሺ𝑡ሻ~𝒞𝒩൫𝟎,𝜎௡ଶ𝑰ெೖ൯ is an additive complex Gaussian 
noise vector. The steering vector is expressed as   𝒂ሺ௞ሻሺ𝜃௟ ,𝜙௟ሻൌ ൤1, 𝑒ି௝ଶగ఑௣మሺೖሻ௨೗ሺೖሻ ,⋯ , 𝑒ି௝ଶగ఑௣ಾೖሺೖሻ௨೗ሺೖሻ  ൨୘, (2) 

where 𝑝௠ሺ௞ሻ ൌ ‖𝑥௞௠ − 𝑥௞ଵ,𝑦௞௠ − 𝑦௞ଵ‖ଶ  is the distance 
between the 𝑚th sensor of the 𝑘th node to its local reference at ሺ𝑥௞ଵ,𝑦௞ଵሻ, and 𝑢௟ሺ௞ሻ ൌ cosሺ𝜃௟ሻ sinሺ𝜙௟ − 𝛽௞ሻ. 
 Equation (1) can be written as  𝒙ሺ௞ሻሺ𝑡ሻ ൌ 𝑨ሺ௞ሻሺ𝜽,𝝓ሻ𝑽ሺ௞ሻ𝒔ሺ𝑡ሻ ൅ 𝒏ሺ௞ሻሺ𝑡ሻ, (3) 
where  𝑨ሺ௞ሻሺ𝜽,𝝓ሻ ൌ ൣ𝒂ሺ௞ሻሺ𝜃ଵ,𝜙ଵሻ, … ,𝒂ሺ௞ሻሺ𝜃௅,𝜙௅ሻ൧ (4) 
is the subarray manifold matrix with ሺ𝜽,𝝓ሻ ൌ ሼሺ𝜃ଵ,𝜙ଵሻ,⋯ ,ሺ𝜃௅,𝜙௅ሻሽ,  𝑽ሺ௞ሻ ൌ diag ቂeି௝ଶగ఑ௗభሺೖሻ ,⋯ , eି௝ଶగ఑ௗಽሺೖሻቃ, (5) 

and 𝒔ሺ𝑡ሻ ൌ ሾ𝑠ଵሺ𝑡ሻ,⋯ , 𝑠௅ሺ𝑡ሻሿ୘.  
 Cascading the data vectors across all subarrays yields the 
total received data vector across the entire distributed array as 𝒙ሺ𝑡ሻ ൌ ൤  ቀ𝒙ሺଵሻሺ𝑡ሻቁ୘ ,⋯  , ቀ𝒙ሺ௄ሻሺ𝑡ሻቁ୘ ൨୘  ൌ 𝑨ሺ𝜽,𝝓ሻ𝑽𝒔ሺ𝑡ሻ ൅ 𝒏ሺ𝑡ሻ,          (6) 

where the effective array manifold, the phase-difference term, 
and the noise across the entire distributed array are respectively 
given as 𝑨ሺ𝜽,𝝓ሻൌ ൤  ቀ𝑨ሺଵሻሺ𝜽,𝝓ሻቁ୘ ,⋯  , ቀ𝑨ሺ௄ሻሺ𝜽,𝝓ሻቁ୘ ൨୘, (7) 

𝑽 ൌ bdiagൣ 𝑽ሺଵሻ,⋯ ,𝑽ሺ௄ሻ ൧, (8) 



and 𝒏ሺ𝑡ሻ = ൤  ቀ𝒏ሺଵሻሺ𝑡ሻቁ୘ ,⋯  , ቀ𝒏ሺ௄ሻሺ𝑡ሻቁ୘ ൨୘. (9) 

III. ARRAY COVARIANCE MATRIX 
 

The covariance matrix of the array data vector, 𝒙ሺ𝑡ሻ, given in 
(6), is expressed as 

𝑹 = 𝔼ሾ𝒙ሺ𝑡ሻ𝒙ୌሺ𝑡ሻሿ = ൦𝑹ଵଵ 𝑹ଵଶ ⋯ 𝑹ଵ௄𝑹ଶଵ 𝑹ଶଶ ⋯ 𝑹ଶ௄⋮𝑹௄ଵ ⋮𝑹௄ଶ ⋮    ⋮   ⋯ 𝑹௄௄൪  (10) 

where 𝑹௨௩ = 𝔼 ቂ𝒙(௨)(𝑡)ൣ𝒙(௩)(𝑡)൧ୌቃ ,   𝑢, 𝑣 ∈ 1,⋯ ,𝐾. (11) 

In (11), the cases of 𝑢 = 𝑣 correspond to the self-subarray 
covariance matrices of the linear subarrays which are well 
known. On the other hand, when 𝑢 ≠ 𝑣, the cross-covariance 
matrix between two subarrays is obtained as, 𝑹௨௩ = 𝔼 ቂ𝒙(௨)(𝑡)ൣ𝒙(௩)(𝑡)൧ୌቃ                                          = 𝑨(௨)(𝜽,𝝓)𝑽(௨)𝑹𝒔𝒔ൣ𝑽(௩)൧ୌൣ𝑨(௩)(𝜽,𝝓)൧ୌ = 𝑨(௨)(𝜽,𝝓)𝑹𝒔𝒔(௨௩)ൣ𝑨(௩)(𝜽,𝝓)൧ୌ,               (12) 

where 𝑹𝒔𝒔 = 𝔼ሾ𝒔(𝑡)𝒔ୌ(𝑡)ሿ = diag[𝜌ଵ,⋯ ,𝜌௅]  is the source 
covariance matrix with 𝜌௟ = 𝔼[|𝑠௟(𝑡)|ଶ] being the source power 
of the 𝑙th signal. In addition, 𝑹𝒔𝒔(௨௩) = 𝑽(௨)𝑹𝒔𝒔ൣ𝑽(௩)൧ୌ = diagൣ𝜌ଵ(௨௩),⋯ ,𝜌௅(௨௩)൧ (13) 

is the source cross-correlation matrix between the two sub-
arrays, where 𝜌௟(௨௩) = 𝜌௟eି௝ଶగ఑ቂௗ೗(ೠ)ିௗ೗(ೡ)ቃ, 𝑙 = 1,⋯ , 𝐿. Note that 
the phase difference between the two subarrays 𝜌௟(௨௩)  is 
unknown and, in general, takes a complex value. Also notice 
that 𝑹ଶଵ = 𝑹ଵଶୌ .   

IV. GROUP SPARSITY-BASED DOA ESTIMATION 

When applying the MUSIC method to coherently exploit the 
measurements available to the 𝐾 subarrays, we need to know 
their phase differences in order to form the steering vector 
corresponding to a direction to be sensed.  

As mentioned earlier, the underlying DOA estimation 
problem is analogous to that encountered in multi-frequency 
sparse arrays, where the phase differences between the signals 
corresponding to different frequencies is unknown. However, 
unlike [18−20] where the virtual arrays obtained from multiple 
frequencies are collocated, the subarrays in the underlying 
problems are separated and with different orientations.  

To understand the difference coarrays obtained from the two 
subarrays 𝑢 and 𝑣, we vectorize 𝑹௨௩ in (11) and obtain [19] 𝒛௨௩ = vec(𝑹௨௩) = 𝑨෩௨௩𝒃௨௩, (14) 

where 𝑨෩௨௩ = [𝒂෥௨௩(𝜃ଵ,𝜙ଵ),𝒂෥௨௩(𝜃ଶ,𝜙ଶ),⋯ ,𝒂෥௨௩(𝜃௅,𝜙௅)]  with 𝒂෥௨௩(𝜃௟ ,𝜙௟) = ൣ𝒂(௨)(𝜃௟ ,𝜙௟)൧∗⨂𝒂(𝒗)(𝜃௟ ,𝜙௟) , and 𝒃௨௩ = ൣ𝜌ଵ(௨௩),

⋯ ,𝜌௅(௨௩)൧୘ . To employ the group LASSO for 2-D DOA 
estimation, 𝐾ଶ optimization vectors 𝒃௨௩୭  with 𝑢, 𝑣 ∈ [1,𝐾] , 
each of size 𝐺 × 1, are initialized, where 𝐺 is the total number 
of search grids for the DOAs. Let 𝑩௨௩  denote the dictionary 
matrix corresponding to difference corray between the 𝑢th and 𝑣 th subarrays. The group sparsity problem can now be 
formulated as [11, 20]    𝒃෡୭ = arg min𝒃౥ ෍෍‖𝒛௨௩ − 𝑩௨௩𝒃௨௩୭ ‖ଶ + 𝜉‖𝒃௨௩୭ ‖ଵ,ଶ௄

௩ୀଵ ,௄
௨ୀଵ  

 
(15) 

where 𝒃୭ = [(𝒃ଵଵ୭ )୘,⋯ , (𝒃௄௄୭ )୘]୘, 𝜉 is a regularization para-
meter, and the mixed 𝑙ଵ,ଶ norm of vector 𝒃௨௩୭  is defined as  

‖𝒃௨௩୭ ‖ଵ,ଶ = ෍ቌ෍𝓑(𝑎, 𝑖)𝓑∗(𝑎, 𝑖)௄మ
௜ୀଵ ቍଵଶீ

௔ୀଵ ,  
(16) 

with 𝓑 denoting the matrix constructed by concatenating all the 
vectors 𝒃௨௩୭ . The DOA estimates are given as the summed 
coefficients on the 𝐺-point grid, i.e., 𝒃෡ = ෍෍ห𝒃෡௨௩୭ ห௄

௩ୀଵ
௄
௨ୀଵ .  

(17) 

V. SIMULATION RESULTS 

We assume the array geometry as depicted in Fig. 1. There are 𝐾 = 2 sparse subarrays with 𝑀ଵ = 𝑀ଶ = 3. Take the orienta-
tion of the first node as the reference with  𝛽ଵ = 0°, and the 
orientation of the second subarray is chosen as 𝛽ଶ = 45° . 
Denoting a half-wavelength to be unity, the sensor locations of 
the first subarray are given as (𝑥ଵଵ,𝑦ଵଵ) = (0, 0),   (𝑥ଵଶ,𝑦ଵଶ) =(1, 0) , and  (𝑥ଵଷ,𝑦ଵଷ) = (3, 0) , and those of the second 
subarray are given as (𝑥ଶଵ,𝑦ଶଵ) = (6, 2) , (𝑥ଶଶ,𝑦ଶଶ) =(6.707, 2.707) , and  (𝑥ଶଷ,𝑦ଶଷ) = (8.121, 4.121) . 𝐿 = 6 
uncorrelated signals are considered, and their elevation and 
azimuth angles are randomly chosen from 𝜃௟  ∈  [0°, 90°] and 𝜙௟  ∈  [−90°, 90°] , respectively, and are given as (𝜃ଵ,𝜙ଵ) =(54°,−40°) , (𝜃ଶ,𝜙ଶ) = (45°,−24°) , (𝜃ଷ,𝜙ଷ) = (53°,−8°) , (𝜃ସ,𝜙ସ) = (78°, 8°) , (𝜃ହ,𝜙ହ) = (37°, 24°) , and (𝜃଺,𝜙଺) =(49°, 40°). It is noted that, in this case, the number of signals is 
higher than the number of degrees of freedom of the physical 
array, and DOA estimation is carried out by exploiting the 
difference coarray. We use 1,000 data samples, and the input 
signal-to-noise ratio (SNR) is 0 dB. The regularization 
parameter for the group LASSO is chosen to be  𝜉 = 20.  
 We first show the 2-D DOA estimation performance when 
the MUSIC algorithm is used and the phase difference between 
the two subarrays is precisely known. In this case, as shown in 
Fig. 2, all the DOAs of the 6 signals are detected successfully. In 
practice, however, the phase difference between the two 
subarrays is random and unavailable. When an inaccurate phase 
difference is assumed, MUSIC fails to locate the signal DOAs, 
as depicted in Fig. 3. 



 
Figure 2.  2-D DOA estimation using MUSIC assuming precise 
knowledge of the phase difference between subarrays. 
 

 
Figure 3.  2-D DOA estimation using MUSIC when an 
inaccurate phase difference between subarrays is assumed. 
 

 
Figure 4.  2-D DOA estimation using group LASSO without 
knowledge of the phase difference between subarrays. 

 
Figure 5.  Comparison of RMSE performance of DOA 
estimation versus the input SNR for group LASSO and MUSIC 
with knowledge of the phase difference between subarrays. 
 

 

 Fig. 4 shows the 2-D DOA estimation results using the group 
LASSO when the phase difference between the two subarrays is 
unavailable. It is observed that all the sources are successfully 
detected, clearly depicting the robustness of the group sparsity-
based approach to the unknown phase differences between 
distributed subarrays.   

 To analyze the DOA estimation performance of the group 
LASSO-based approach, we compare the root mean-square error 
(RMSE) results of both the group LASSO and MUSIC methods. 
The RMSE of estimated DOAs is defined as     RMSE   
      = ඩ 1𝑁𝐿෍෍ቂ൫𝜃෠௟,௡ − 𝜃௟൯ଶ + ൫𝜙෠௟,௡ − 𝜙௟൯ଶቃ௅

௟ୀଵ
ே
௡ୀଵ , (18) 

where 𝑁  is the number of Monte Carlo trials and (𝜃෠௟,௡,𝜙෠௟,௡) 
represents the estimated elevation and azimuth DOAs of the 𝑙th 
signal obtained in the 𝑛th trial.  

 In Fig. 5, the RMSE results obtained from both group 
LASSO and MUSIC are shown with respect to the input SNR, 
where the MUSIC algorithm assumes precise knowledge of the 
phase difference between the two subarrays. Each RMSE result 
is computed from 100 Monte Carlo trials. The input SNR varies 
between −15 and 15 dB with an interval of 3 dB and the number 
of data samples assumed is 1,000. It is note that, when the 
information of the phase difference between the subarrays is not 
available, the MUSIC algorithm does not resolve the signals and, 
as a result, its RMSE values are not included for comparison.   

 It can be observed that the performance of the group LASSO 
is very close to that of the 2-D MUSIC algorithm, verifying that 
group LASSO achieves near-coherent processing capability 
without requiring the knowledge of the phase difference between 
the two subarrays. As such, it removes the barriers of requiring 



the precise phase difference between the subarrays as in the 
MUSIC algorithm, thereby enabling practical implementation 
for effective 2-D DOA estimation using distributed arrays.  
 

VI. CONCLUSION 
 

We considered a 2-D DOA estimation problem using a 
distributed array, in which the subarrays have arbitrary 
orientations. Such a configuration of the distributed array differs 
from the well-studied collinearly or parallelly placed distributed 
arrays. The analysis of the array covariance matrix was provided 
with a focus on the impact of random phase differences in the 
cross-covariance matrix between a pair of subarrays. The group 
LASSO is used to perform group sparsity-based DOA estimation 
which achieves near-coherent processing capability without 
requiring the knowledge of the phase differences between 
subarrays. Simulation results verified the effectiveness of the 
proposed approach to achieve accurate 2-D DOA estimation. 
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