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Abstract—Coherent signals commonly arise in applications
such as wireless communication and radar sensing, necessitating
decorrelation before applying conventional direction-of-arrival
(DOA) estimation methods. For two-dimensional (2D) sensor ar-
rays, the covariance entries of the received signals form a tensor,
which is rank-deficient when the impinging signals are coherent.
This paper develops two novel decorrelation strategies to address
the rank deficiency issue in 2D DOA estimation. The first strategy
reconstructs a decorrelated tensor by rearranging a slice of the
coherent covariance tensor and, to enhance dimensionality and
increase the degrees of freedom (DOFs) of the array, integrating a
backward slice. The second strategy employs forward backward
spatial smoothing (FBSS) with an optimal sensor arrangement.
In particular, we optimize four FBSS parameters: the numbers of
overlapping subarrays along the X and Y axes, and the numbers
of antennas in each subarray along the X and Y axes, in order
to maximize the DOFs for a given array size. Furthermore, we
derive a closed-form expression for the number of achievable
DOFs. Simulation results confirm that the proposed methods
outperform existing techniques in terms of DOF enhancement
and DOA estimation accuracy.

Index Terms—Direction-of-arrival estimation, coherent signals,
tensor reconstruction, spatial smoothing, degree of freedom.

I. INTRODUCTION

IRECTION-of-arrival (DOA) estimation, which deter-

mines the spatial spectra of incoming electromagnetic
waves, is a fundamental technology in sensor array signal
processing with broad applications in, e.g., wireless com-
munication, radar, radio astronomy, and remote sensing [1]-
[7]. Various DOA estimation methods have been developed,
including subspace-based approaches [8]], [9], beamforming
techniques [10]-[12], and sparsity-inducing methods [13]-
[18]. Among these, subspace-based methods, such as MUItiple
Slgnal Classification (MUSIC) [8] and Estimation of Signal
Parameters via Rotational Invariant Techniques (ESPRIT) [9],
are popularly used due to their ability to achieve high-
resolution DOA estimation with low complexity. For linear
arrays, these methods estimate signal DOAs by exploiting
the eigenstructure of the covariance matrix. However, they
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were originally developed to handle uncorrelated signals with
a full-rank source covariance matrix. When coherent signals
are present, these methods fail because the source covariance
matrix becomes rank-deficient.

In practice, coherent signals often arise due to factors such
as multipath propagation in wireless communications, low-
angle reflections in radar sensing, and intelligent jamming
in defense applications. In this case, estimating the DOAs
of coherent signals is challenging because the covariance
matrix becomes rank-deficient. Therefore, decorrelating the
covariance matrix to restore its rank becomes essential before
applying subspace-based DOA estimation methods. Several
algorithms have been developed to handle coherent signals,
including the generalized MUSIC [19] and those based on
subspace-fitting [20], [21] and maximum likelihood [22]].
However, these methods involve multi-dimensional searches,
making them computationally expensive. The well-known
spatial smoothing (SS) for uniform linear array (ULA) [23]
mitigates signal coherence and restores the rank of covariance
matrix by dividing the entire array into multiple overlapping
subarrays and averaging their covariance matrices. However,
this approach reduces the number of degrees of freedom
(DOFs) to approximately half the number of sensors.

To address this limitation, forward-backward spatial
smoothing (FBSS) is introduced in [24] to incorporate the
complex conjugates of the backward subarrays alongside
forward subarrays, thus increasing the number of available
DOFs to two-thirds of the number of sensors. The work in
[25] further analyzes the antenna size requirements for ULAs
from a Hadamard product perspective, relating the array size
to the number of sources, the rank of the source covariance
matrix, and the coherence structure of the sources. To im-
prove the angular resolution of coherent signals, improved
spatial smoothing (ISS) was developed in [26], [27] based on
quadratic spatial smoothing, which is then further improved
by an enhanced spatial smoothing (ESS) method [28].

A more computationally efficient alternative to SS was
developed in [29], where a single row of the covariance
matrix is arranged into a Toeplitz structure. This approach
restores the rank of the covariance matrix regardless of signal
coherence and achieves DOFs similar to SS. The Toeplitz-
based method is further improved in [30], [31] by expanding
the dimension of the signal subspace through the utilization of
both forward and backward vectors. Building on these ideas,
[32] extends the Toeplitz-based approaches to detect mixed
coherent and uncorrelated sources. By constructing multiple
Toeplitz matrices from both the rows and columns of the



covariance matrix, this method achieves DOFs exceeding two-
thirds of the number of sensors.

Most methods for handling coherent signals are designed
for linear arrays, which detect only one-dimensional (typically
azimuth) angles. Many practical applications require two-
dimensional (2D) antenna arrays capable of capturing both
azimuth and elevation angular information [33]-[36]. A 2D SS
scheme was proposed in [37], where the upper bound on the
required number of subarrays for estimating a given number
of coherent sources was discussed. Extending this idea, [38]]
analyzed the necessary and sufficient conditions for detecting
K coherent signals. This approach requires a URA of size
2K x 2K. The paper further introduced a minimal array based
on an L-shaped antenna arrangement with L-shaped subarray
grouping, which reduces the number of required antennas to
K? + 4K — 2. An FBSS technique for a 3K/2 x 3K /2
URA [39] detects K coherent signals. In [40]], a block Hankel
matrix is formed from the observed data samples to enhance
the rank and estimate two-dimensional frequencies, while [41]]
also employs block Hankel matrix formation to decorrelate the
coherent covariance matrix, achieving improved performance
compared with SS-based approaches.

Tensor modeling of 2D array signals effectively captures
their inherent structural properties, and tensor decomposition
techniques leverage these properties for signal DOA estima-
tion. Commonly used tensor decomposition methods include
canonical polyadic decomposition (CPD) [42], [43], Tucker
decomposition [44]], and high-order singular value decomposi-
tion (HOSVD) [45]. In [46], multiple-invariance sensor array
processing is linked to parallel factor (PARAFAC) analysis
for DOA estimation and identifiability analysis. Tensor-based
approaches generally provide superior estimation performance
over matrix-based techniques when handling signals with
dimensionality greater than two, as they more effectively
exploit the multi-dimensional structure of the data [47]-[49].
A coarray tensor DOA estimation approach is developed in
[50] for a 2D coprime arrays. However, these methods mainly
handle uncorrelated sources. To address coherent sources, [S1]]
introduces a Tensor-MODE approach that leverages HOSVD
for multi-dimensional harmonic retrieval in the presence of
coherent signals, demonstrating improved performance over
tensor eigenvector-based methods [52]], which fail under co-
herent conditions. Tensor-based SS techniques have been
investigated in [53]], [54] for MIMO configurations, and in
[49] for polarized vector-sensor URA arrays. However, these
SS schemes require multiple tensor computations, leading to
reduced decorrelation effectiveness and increased computa-
tional cost. To overcome these limitations, [S5] proposes a
decorrelation method that directly reconstructs the covariance
tensor by exploiting its structural properties. This approach
reconstructs the covariance tensor by arranging its slices into
a Toeplitz structure, followed by CPD to estimate the steering
vectors and signal DOAs. This concept was extended to sparse
arrays for coherent [56] and mixed coherent and uncorrelated
scenarios [57]]. However, these methods have limited DOFs
mainly due to two reasons: 1) the exclusive use of the forward
covariance tensor, and 2) the relatively small dimension of the
steering vectors corresponding to the four-dimensional (4D)

covariance tensor.

In this paper, we develop two decorrelation schemes to
handle rank-deficient sample covariance tensors computed
from coherent signals received at a URA. The first approach
introduces a frowrad-backward tensor reconstruction (FBTR)
strategy, in which a decorrelated covariance tensor is con-
structed by rearranging slices of the coherent covariance ten-
sor. Specifically, a particular slice of the covariance tensor and
its flipped conjugate counterpart are rearranged and effectively
fused to produce the decorrelated tensor. This results in a
covariance tensor with a higher dimension than the existing
method reported in [S5], thereby increasing the number of
DOFs. Moreover, this strategy has lower computational com-
plexity than SS-based methods as it only requires slicing and
rearranging operations without additional arithmetic calcula-
tions. Furthermore, it achieves improved DOA estimation per-
formance over SS-based methods and matrix based approaches
by effectively exploiting the structural characteristics of multi-
dimensional signals through CPD. The second scheme is based
on SS, where multiple covariance matrices are computed from
subarrays of the antenna array. Note that, for a URA, subarrays
can be formed in both azimuth and elevation dimensions.
We derive the optimal array configuration by determining
the number of subarrays along each axis and the number of
antennas in each subarray. These four parameters are opti-
mized to minimize the number of antennas for a given number
of DOFs using Karush—Kuhn-Tucker (KKT) conditions to
obtain a real-valued solution. Since practical implementations
require integer solutions, we develop an efficient optimization
scheme that refines the real-valued solution through a local
search. After determining the optimal array configuration, the
covariance matrices along with their flipped and conjugated
versions are computed from the subarrays and averaged to
obtain a decorrelated covariance matrix. By combining the
optimal array configuration with FBSS, our approach achieves
a higher number of DOFs for 2D arrays compared to existing
methods.

The main contributions of this paper are summarized as
follows:

« We optimize the sensor placement in a URA for FBSS
by jointly optimizing four key parameters, namely, the
number of subarrays and the number of sensors in each
subarray along both the X (azimuth) and Y (elevation)
dimensions. The results maximize the achievable DOFs
for a given number of antennas. To the best of our knowl-
edge, this is the first work that introduces flexible array
configurations that are required to achieve a specified
number of DOFs while ensuring the required azimuth
and elevation array apertures.

« Building on the optimized array arrangement, we propose
two decorrelation strategies for handling coherent im-
pinging signals: FBTR and FBSS. By integrating optimal
array arrangement and FB processing, these methods
offer a higher number of DOFs compared to existing
approaches.

o We derive closed-form expressions for the number of de-
tectable coherent signals under both decorrelation strate-
gies. For FBTR, the number of DOFs is expressed in



terms of the number of antennas along the azimuth and
elevation dimensions, while for FBSS, it is formulated
based on the total number of antennas and the minimum
number of antennas along either the azimuth or elevation
axis required to maintain a minimum required aperture.
e Through DOF analysis, we demonstrate that the FBSS
method, when combined with an optimal array arrange-
ment, provides the highest number of DOFs for 2D
coherent signal scenarios. On the other hand, the FBTR
strategy yields superior DOA estimation performance by
effectively exploiting the structural properties of high-
dimensional signals through tensor decomposition, e.g.,
CPD, although it provides fewer DOFs. Furthermore, by
matricizing the decorrelated covariance tensor obtained
via FBTR, referred to as FBTR-mat, offers a compu-
tationally efficient decorrelation scheme that achieves
DOFs comparable to FBSS with the optimal array.

The rest of the paper is organized as follows: Section [II
introduces the preliminaries, including notations and tensor
operations. Section [[IIl presents the signal model. Section
describes the structured tensor-based decorrelation strategy,
while Section [V] presents the SS-based decorrelation strategy.
Section provides an analysis of the achieved DOFs and
optimal array designs. Section [VII] presents simulation results
and, finally, Section concludes the paper.

II. PRELIMINARIES

Notations: We use lower-case bold characters (e.g., a),
upper-case bold characters (e.g., A), and upper-case calli-
graphic bold characters (e.g., \A) to denote vectors, matrices,
and tensors, respectively. In particular, I and Z respectively
denote the identity matrix and the identity tensor of a proper
dimension. (-)T, (-), (-)* respectively represent the transpose,
Hermitian, and conjugation operation. In addition, o represents
the outer product, ® stands for the Hadamard product, and ®
denotes the Khatri-Rao product. E[-] stands for the statistical
expectation operator. C/1*12X-xIN describes the complex
space with the specified dimension, [],, indicates tensor

. . . . 12
concatenation along the ith dimension, and A X A, denotes

the tensor contraction along the i;th dimensiolﬁ of A; and
the ioth dimension of A,. Diag(-) denotes a diagonal matrix
where the elements of a vector form the diagonal entries, while
squeeze(-) denotes a matrix or tensor with the same elements
as the input, but with dimensions of length 1 removed. 1{A}
denotes the indicator function, which equals to 1 if an event
A is true and O otherwise. Finally, |-|, [-], and round(-)
represents the floor and ceiling operations, and rounding to
the nearest integer respectively, on a scalar.

Tensor reshaping: For an N-dimensional tensor A €
Chxlax-xIn (A)p . p, reshapes A into a J-dimensional
tensor of size Il ep, I, X Up,ep,Lp, X -+ X I, ep, Ip,,
with P; being a partition of {1,2,---,N}. In particular,
the element A(iq,--- ,iy) is mapped to the (ki,---,ky)th
element of the reshaped tensor as (A)p, ... p,(k1, -+ ,kj) =
Ay, ,in), where k; =1+ ZIP |( ip;, — LI 1Ip]S

CPD and tensor canomcal polyadic (CP) rank: CPD fac-
torizes a high-order tensor into a linear combination of rank-

Fig. 1: URA configuration.

1 tensor components. The CPD of an N-dimensional tensor
A € ChixIzxxIn jg expressed as

A= Zmal oas(r)---oan(r) 2 [n; Ar; As; - Ayl

ey
where R is a positive mteger an(r C!» is a CP
factor, A,, = [a,(1),a,(2), - ,a,(R)] € (CI”XR denotes
the corresponding factor matrix for n = 1,2,---,N, and

n=[n1,n2,--,nr|" is a vector of scalar coefficients.
The CP rank of tensor .A is defined as the smallest number
of rank-1 tensors required to reconstruct \A, i.e., the smallest

integer R in Eq. ().

III. SIGNAL MODEL

Consider a URA S, as depicted in Fig. [Il consisting of N,
omnidirectional sensors located in the X axis and N, sensors
in the Y axis. Assuming both N, and NV, to be odd integers,
the sensor locations can be expressed as

S = {(ws, ys)las € [=[Na/2], [ Na/2]]d,
ys € [=[Ny/2], [Ny/2]]d},

where d = \/2 is the inter-element spacing with A denoting
the wavelength. The total number of array sensors is N =
N, N,. The case where N, and NV, are even is discussed in
Appendix A, provided in the Supplement.

2

A. Structural Property of Uncorrelated Covariance Tensor

In this subsection, we review the structural properties of the
covariance tensor for uncorrelated impinging signals. These
properties provide essential insights for the subsequent dis-
cussion on decorrelating the covariance tensor corresponding
to coherent signals.

Consider K narrowband uncorrelated far-field signals im-
pinging on the array S from directions (¢x,0;), k =
1,2,--- K, where ¢, € [—m,7) and 0}, € [0, 7], respectively,
denote the azimuth and elevation angles. 2D angular informa-
tion is embedded in each snapshot received by the array S.
Therefore, the array received signal at time ¢ is modeled as

ZSk

a(pr) o a(ve) + N(t) € CV=*Nv - (3)



where pp, = sin(0y) cos(dx), vi, = sin(fx) sin(éy ), and a(ux)
and a(vy) are the steering vectors along the X and Y axes,
respectively expressed as

,e=dm (L= DT ¢ oNe
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76—j7T(|_%J)Vk]T E CNy_ ( )

a(py) = [e-d™ L D
a(vy) = [e LR DL

In addition, IN () is the independent and identically distributed
additive white Gaussian noise (AWGN) matrix.

The 4D covariance tensor R, € CNeXNyXNa XNy of matrix
X . (t) is obtained as

R.=E{X.,(t) o X} (t)}
K (5)

=" ola(m) o a(vy) o a* (i) 0 a* (i) + 027,
k=1

where of is power of the kth signal and o2 is the noise
variance.

By utilizing a total number of 7' snapshots, the received
signal matrices X, (t), t = 1,2,---,T, are concatenated
along the temporal dimension to obtain the following three-
dimensional data tensor,

X, = [Xu(l)’Xu(Z)v"'
K

, X (T)]

Us

6
S el ealn)os + AF e CRxmT, O

1

where s3, = [s1,(1), 51(2), - -+, sx(T)]7T is the signal waveform
vector for the kth signal and N is the noise tensor. In this case,
the sample covariance tensor is estimated as

1 3
L= =X, X X 7
R TXux Xy (7

The uncorrelated covariance tensor R, admits a rank-K CP
model and exhibits the tensorial Hermitian Toeplitz property,
i.e.,
K
’R,u(m, n, ’ITL/, n/) _ Z Cr,%e*]'ﬂ'(m*m’)uke*jﬂ'(n*n')lfk
k=1
)
+ 0n0(m,n,m’ ,n'")
=Ru(m+c1,n+co,m’ +c1,n' + ca)

=R.(m +c1,n +ca,m+ci,n+ c),

3
where ¢; and co are integer constants and
5 )1, m=m' and n=n’, ©)
(mm,m’.n) 0, otherwise.

It is observed in Eq. (8) that a specific slice of the uncor-
related covariance tensor, such as R, (m,:,m/,:), exhibits
the Toeplitz property, i.e., Ry(m,n,m',n’) = R,(m,n +
co,m',n’ + co). However, it may not exhibit the Hermitian
property, i.e., R(m,n,m’,n’) is not necessarily equal to
R*(m,n’,m’,n).

When coherent signals are present, this tensorial Toeplitz
property no longer holds and, as a result, decorrelation is
necessary. This is considered in the following subsection.

B. Signal Model of the Coherent Signals

Now assume that the impinging K signals are mutually
coherent to each other. Taking the first signal sq(¢) as the
reference, the kth coherent signal at time instant ¢ can be
expressed as

sk(t) = arsi(t),

for k = 1,2,--- | K, where oy represents a complex atten-
uation factor of the kth signal with respect to the reference
signal with oy = 1. The array received signal tensor for the
coherent case can be expressed as

(10)

K
X =) opa(u) oa(v)osy + N € CNNoxT (1)
k=1
where 81 = [s1(1),51(2),- -+ ,s1(T)]" is the signal waveform
vector for the reference signal.
The 4D forward covariance tensor, R €

CNaxNyxNaxNy - of matrix X (t) for the coherent signal case

is obtained as
K K
R = 52 Z Z ajaga(ug)oa(vy)oa™(ug)oa™(vg)
k=1k'=1
+ 02T,

(12)
where 02 = [E[s1(t)s}(t)] is the power of the reference signal.
Due to the presence of the cross-terms, it is clear in Eq.
(12) that the covariance tensor RY) suffers from a rank-
deficiency problem and needs to be appropriately preprocessed
to facilitate DOA estimation.

IV. DECORRELATION OF COVARIANCE TENSOR BASED ON
STRUCTURED TENSOR RECONSTRUCTION

A. Forward-Backward Tensor Reconstruction Strategy

In this section, we proposed an effective decorrelation
strategy for the coherent covariance tensor using a structured
tensor reconstruction approach. The covariance tensor in Eq.
(I2) does not exhibit the tonsorial Toeplitz property due
to the presence of cross-correlations between the mutually
coherent sources, resulting in rank deficiency. To address this
problem, we extend the approach proposed in [S5], which
utilizes only the forward covariance tensor, to incorporate both
forward and backward covariance tensors, thereby increasing
the dimensionality of the decorrelated covariance tensor and,
subsequently, enhancing the DOFs.

Express a particular (m, n, m’, n')th element of the forward
coherent covariance tensor R‘/) in Eq. (1) as

K
R(f)(m, n, m/, n/) — 0.? E ak/e—]-rrmp,k/e—j‘n-nuk/
k'=1
K
. / . ’
* _jrm’ pg jrn’ v 2
: § akej Hr el +Unfs(m,n,m’,n’)
k=1
K
- ’ . 7
= ) E ol ki v
k=1
2
+ O—nd(m,n,m’,n/)v

13)



where m,m’ € [~ %], [ Xe]] and n,n’ € [ ], | B2 ).
The term by ) = 02 S g, Qe I e =™ depends
only on the first 2D indices, i.e., m and n, of the covariance
tensor. This tensor contains cross-covariance terms among the
impinging signals, resulting in rank deficiency. Additionally,
it does not satisfy the tensorial Toeplitz property, as described
in Section Al To address these issues, we develop the
proposed structured tensor reconstruction-based decorrelation
strategy, as described below.

We first obtain the backward covariance tensor through
flipped sensor ordering and complex conjugation as

RO (m,n,m',n') = (’R(f)(—m, —n,—m’, —n'))* . (14)
By fixing the first two indices of the covariance tensors to
specific values, e.g., (m,n), we obtain the following forward
and backward covariance matrices as

RY) = squeeze (’R(f)(mm, 3 )) € CNaxNy,
(15)
R® — squeeze (’R(b) (m,n,:, )) € CNaxNy,

Using these matrices, we construct a decorrelated tensor
D € CNaxNyxNoxNy ywhere the (m, ./, :)th slice of D is
obtained by arranging the rows of RY) and R® in a Toeplitz
structure. Note that the row indices of both RY) and R are
between —| %= | and | &= .

To construct the decorrelated covariance tensor D, the
approach in [S5] employs only the forward covariance matrix
R Specifically, a second and fourth dimensional slice
D(:,n,:,7n') is obtained by extracting the (—n+7')th column
of RY) and arranging it in a Toeplitz form. The Oth element of
RY) is placed at the top, followed by the remaining elements
to form a complete Toeplitz structure, as shown in Fig.

In contrast, the proposed method incorporates both the
forward and backward covariance matrices R‘Y) and R®.
In this case, the slice D(:,7,:,7’) is constructed by placing
the —pth element of the (—7n + 7/)th column at the top and
forming a Toeplitz structure using RY for indices satisfying
m < L%J — p. Beyond this range, the corresponding column
of R® is used to complete the slice, as shown in Fig.
This joint utilization increases the slice dimension from
|25 ) < [ 555 o (|8552 ] +p) < (1852 ] +p).

In general, a particular (m,7n,m', 7/ )th element of tensor
D can be obtained as

(16)
where m,m’ € [0, %] + p] and 71,7’ € [0, L%J] The
reconstructed tensor D satisfies the following rank property.

Theorem 1. Tensor D satisfies the tensorial Toeplitz property
and serves as a rank-K decorrelated covariance tensor.

Proof. According to the mapping rule described in Eq. (L6},
a particular element of tensor D can be expressed as

(
(R (=m, =i =i = p,ia =), > [ 5] = pi[1edme, o

RN

DC:, 7,5 )
g @

(a) Forward only
R R®

g
e
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—i+ i

1
| '
—p H '
0 | i [ 0
[ 1 H i
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2 l?]
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(b) Forward backward

Fig. 2: Construction of a slice D(:,7,:,7’), (a): Forward only
mapping: only RY) s used to construct the slice, (b): Forward
backward mapping: Both RY) and R™ are used to construct
the slice. In this example N, = 7 is considered with p = 1.

R
(17)
where
fb
(m,n)
K N,
(1) 2 My —JTNV, e
b(mn) O—Szakle He " m<L2J D,
_ k=1
K N,
béizn =02 Z QeI e TITIW gy L—J —p,
k=1
(13)
and
fb Vi = e ITPRE, m < | &= | —p,
ko= * JTDHK N (19)
Vi = age , m> |5 -

Tensor D described in Eq. (I7) exhibits a tonsorial Toeplitz
structure, i.e., it satisfies D(m,n,m’',7') = D(m + ¢1,n +
co,m + c1,7 + ¢3). Additionally, each slice of D also
demonstrates a Toeplitz structure. From Eq. (I7), we can
reformulate D as

_%MZ% k) 0 g(ve) o g (k) 0 9" ()
N . (20)
—w&mhwmmawﬂomawm

€ CUFE 4R (L5 DX (LA J4p)x (155 ).
Cr, g(m) =
“1+P and glvg) =

[1,e ™9™k oo, ) act as steering
vectors for the kth coherent signal along the X and Y axes,
respectively, and G(u) = [g(p1),--- ,9(uk)] and G(v) =
[g(v1),- -+ ,g(vi)| are the CP factor matrices. From Eq. @20),
it is observed that the reconstructed covariance tensor D is
represented as the sum of only K outer products, effectively
eliminating cross-terms among the impinging signals com-
pared to the coherent covariance tensor in Eq. (I2)). Therefore,

[’Y{ba"' 77{(b}T S
e*jﬂ(L%Hp)uk] G((jLN’
eI DmT ¢ clTs

where ~/* =




D admits a rank-K CP model and serves as the decorrelated
covariance tensor of the array. O

B. DOA Estimation via CPD

1) DOA estimation: The decorrelated covariance tensor D
in Eq. 20) can alternatively be expressed as

D=1b/, >Z

= b{rbn n) HG(U);G(V);G*(M);G*(V)H ,

)og(ve) 0 g* () 0 g*(vi)) x1 T

2D
where T/° = diag(~). Since the varying values of Wlfb
are absorbed into the first factor matrix via the mode-1
tensor—matrix product, the first factor matrix é(u) becomes
contaminated and no longer represents the steering vectors.
In contrast, the remaining factor matrices are unaffected and
thus remain reliable for DOA estimation. The tensor D is
decomposed via CPD to obtain the factor matrices G(u),
G(v), G (1) and G (v). The kth columns of G (;1) and
G’ (v), denoted as " (ux) and g*(vy), are used to estimate
pr and vy, according to

[Pzt j+p )
1 g ()i +1)
- Al 2 Y
Sy sy s D S O
and
PR S (7 (RS V.
TR B OB IGI

where g*(uk)(i) and g*(vy)(i) denote the ith elements of
9" () and g*(vy), respectively. Finally, the azimuth and
elevation angles are estimated as ¢ = arctan(“k) and
0, = arcsin (v/fi3 + 07).

2) Identifiability in CPD: The uniqueness of the estimated
factor matrices is guaranteed through CPD when the following
condition is satisfied

k(G (1) + (G +r(G (1)) +1(G" () > 2K +3, (24)

where 1(G(11) = k(G (1)) = min(([ Y55 + p), K) and
K(GV)) = k(G (v)) = min([%],[(). From this condi-
tion, the maximum number of coherent signals that can be
detected is

N, +1 N, +1
DOFFBTRZ{ J-F{ Y

5 5 J—2+p. 25)

The forward-only tensor reconstruction (FTR) developed in
[55]] is able to detect at most | Yetl| 4 L%J — 2 sources,
whereas the proposed approach can detect p additional sources,
thereby providing an improvement in the maximum number
of resolvable coherent signals.

C. Analysis of the Number of Degrees of Freedom

In this subsection, we derive an expression for the number
of DOFs achieved using the FBTR. Note that, the proposed
approach described in Eq. (T6) obtains a higher dimension of
D and can resolve p more sources compared to the method

developed in [55] because we used both forward and backward
covariances.

From the above discussion, it is evident that the term p plays
a crucial role in dimensionality increment and, consequently,
in the enhancement of the number of DOFs. The following
lemma quantitatively determines the optimum value of p that
maximizes the number of DOFs. Note that Lemma 1 considers
only the X dimension as p is defined along that dimension.

Lemma 1. For N, antennas in the X dimension, the optimum
value of p that maximizes the number of DOFs is given by

_ L%J , N, is odd, 26)
b= [%J , N, is even.
Proof. Consider a slice of the decorrelated tensor,

squeeze(D(:,7,:,7’)), in which the second and fourth
dimensional indices are fixed. In the forward-only SS case,
where p = 0 and N, is an odd number, the slice has [ Yzt! |
rows and | & 'T'QHJ columns derived from the forward matrix.
As p increases, the number of columns increases by p to
become L%j + p, whereas the number of rows contributed
by the forward matrix decreases by p to become L%J —D.
To maintain a square structure for the slice, the backward
matrix fills in the remaining rows, resulting in an increased
overall dimension for the slice, hence an increased number
of DOFs. The optimum value of p is the maximum value to
maintain a square structure of the slice. This condition can
be expressed as

(5= (52 )

which results

N, +1
p< { - J . (28)
6
As a result, the maximum value that p can take is
N, +1
= . 29
e 9)
In a similar fashion, it is proved in Appendix A of the
Supplement that p = L%J when N, is even. O

For all integer values of N,, whether odd or even, the DOF
expressions from Eq. (23) can be simplified as

N, +1 N, +1 N,
DOFFBTR:{ + J-F{ vt J—2+{J+Ula

2 2 6
(30)
where
N, =0,1
w = 0, + =0,1,3 (mod 6), 31)
1, N, =2,4,5 ( mod 6).

To achieve even more DOFs, we matricize tensor D,
resulting in a higher dimension of steering vectors along the
X and Y axes as

A
D = (D)12),(3,4)
=Job, GTGY +(1

( (m,n)

where G = G(p)®@G(v) € CV*K T = Diag(yy, -+ , k) €
CK*K_In addition, J € {0,1}¥*V is a selection matrix,

@) (32)

- J) b, GTGH,



where the first N rows are filled with ones and the remaining
N — N rows are filled with zeros, expressed as

T =035 O xyxsl (33)
with N = ([Yst ] + p)(| P65 ) and N = (| Y5t ] —
p)([F5H ).

Since D is full rank provided that all the p and v values
are distinct, the maximum number of sources it can detect is

N,+1||N, +1 N, +1
DOFFBTR-mat = { J { K J+p{yQJ -1,

2 2
(34)
where p is given in @26). As such, this method can detect
pLNy;lJ more sources than the FTR as developed in [55].
Note that, the value of p increases with increase of N, i.e.,
for a larger array size, the difference in the number of DOFs
between the proposed method and the approach developed in
[S5] becomes more pronounced.
For all integer values of N,, whether odd or even, from Eq.
B4 can be expressed as

N, 1 N,
DOFFBTR—mat = { vt J <4 {6J +U2) -1, (35)

2
where
0, N, =0 (mod 6),
1, N, =1 (mod 6),
Uy = ¢ 2, N, =2 or 3 (mod 6) (36)
3, N, =4 (mod 6),
4, N, =5 (mod 6)

The derivation is provided in Appendix A of the Supplement.

Compared to the FTR developed in [S5], the proposed
approach offers a larger number of DOFs. In particular,
for DOA estimation using CPD, it can resolve L%j + uy
additional sources compared to [S5]. Furthermore, when the
covariance tensor is matricized and MUSIC is applied for
DOA estimation in both cases, the proposed method achieves
(L%J + uz)(L%J) more DOFs than the method in [55]].

It is noted that the above DOF expression is derived under
the assumption that all ¢ and v values are distinct. When
multiple DOAs share the same v and g values, additional
conditions are required to maintain the rank for applying the
MUSIC algorithm. Consider the case where 1, — 1 sources
share the same v value, denoted as vy. Because the rank of
matrix D is determined by G = G(u) ® G(v), a relevant
submatrix of G that contains these repeated v values can be
written as

G, =T @g(w))lg(r1),g(pr2), - 91k, (. —1))]s

(37
which has rank min (|¥&t] +p n, —1). To avoid rank
loss within this group of identical v values and to enable
spectrum estimation using MUSIC by satisfying the extended
linear independence property [38], it is required to satisy
L%j +p > 1. Similarly, to accommodate a group of 7, —1
identical p’s, it is required that LNyQHJ > 1.

V. DECORRELATION OF THE COVARIANCE TENSOR USING
FBSS

In this section, we describe the SS-based processing to
decorrelate the covariance tensor. In this approach, the an-
tenna array is divided into multiple overlapping subarrays as
depicted in Fig. [Tl Each subarray consists of M, sensors along
the X direction and M, sensors along the Y direction. The total
number of subarrays is L,L,, where

Ly=N,—M,+1 and L,=N,—M,+1 (38)

represent the numbers of subarrays in the X and Y directions,
respectively. The covariance tensors of all subarrays, along
with their flipped and conjugated counterparts, are then aver-
aged to obtain the decorrelated covariance tensor.

In the following two subsections, we describe the mecha-
nism of forward and backward smoothing approaches.

A. Forward Smoothing

Consider the covariance matrix corresponding to the (1, 1)th
subarray as the reference, expressed as

R = ARA" + 521

, (39)
=o2Aaa? A" 4 621 € CMeMyx MMy
whete A = [ay(in) ® au(), - as(pixe) © an(vic)] €
CMaMyxK g the array manifold matrix with
as () = [eCLEDus L (LM Du T ¢ oMa
(40
as(yk) = [e(_l']\;y J)bkv e 76(_|'N2y J+My_1)vk]T € (CMy (41)

are the steering vectors of the reference subarray along the X
and Y directions, respectively, with u; = e Ik and vy, =
e ™ a = [ag, -+ ,ak]T, and Ry = E{s(t)s'(t)} =
o2aal is the source covariance matrix. In a similar fashion,
the forward covariance matrix for the (I;,[,)th subarray can
be expressed as

R, =0lA®, ad @] AT 4071, (@42)
for I, = 1,1~~~ , Ly and_ lyK: 1,---,Ly,, where ®; ,;
Diag([e_Jﬂ"le,ly 76_J7T'le,,ly]) with fylli,ly = (lx — l)ﬂk’ +

(Iy — 1)vg. The forward covariance matrix can be obtained as

L. Ly
1
L.L, et (Lsly)
with
o2 Lo Ly o2
(f) — S d H@H s H
R; LxLyl 2 I, P LxLyCC ,
y (44)
where
C=[® 10, 8, 1,0 =DV eClv (45

The rank of the source covariance matrix for the forward
smoothing, Rgf ), is same as the rank of C. Also, since
C = DV and D is a diagonal square matrix with nonzero



diagonal entries and is thus full rank, the rank of C' is the
same as the rank of V. Matrix V can be expressed as

1 1 .1
67]W7L1 67]W7L2 . e eiJWVLmLy
. 2 . 2 . 2
e IT™ 11 e IT1,2 eijﬂ—’ylzz'Ly
vo|© o R IR CTS
. K . K s K
e JT™ 11 e J™ 1,2 e IV L, Ly

which is of rank min (K, L, L,) for distinct x and v due to its
Vandermonde-like structure. As a result, the source covariance
matrix Rgf ) associated with the forward smoothed covariance
matrix is non-singular and can detect K coherent sources if

L.L, > K. (47)
If n, — 1 DOAs share the same v = 1, then for those sources
Vg, = (e =1+ (ly — 1o, so variation of v, ~of across
l, is only a common scalar and the corresponding rows of V'
depend on [, in a Vandermonde manner. Consequently, the
submatrix of V' formed by these rows has rank min(n, —
1, L;). To avoid rank loss of V, L, > n, — 1 is required.
Similarly, if (n, — 1) DOAs has same g values, then L, >
Ny — 1.

B. Backward Smoothing

In a similar fashion, the backward covariance matrix for the
({z,1,)th subarray can be expressed as

R

(o) =A%, ;| R:®]', AY 4 o)1,

(48)
where Rj; is the source covariance matrix for the backward
smoothing and can be expressed as

Rs = 03® (v, 1)~ (v,-n@ o 8y ) v, (49)
= 0256",
where § = @®_(y,_1)_(v,—1)@". Then, the backward
smoothed source covariance matrix Rgb) can be obtained by
averaging the source covariance matrices of all subarrays,
expressed as

Ly
RO — o3

S L.L

Ly
S #6800, =7
Yi,=11,=1
(50)
where E = [®1 16, ,®, 1, 6] = FV with F = Diag(4).
With a similar argument as the forward SS case, the rank
of the backward smoothed source covariance matrix Rg’) is
min(K, Ly L, ). Therefore, if backward spatial smoothing is
used alone, K coherent sources can be detected provided that
the necessary condition

L.L, > K, (51)

and the sufficient condition is L, > 1, — 1 and L, > n, — 1.
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Fig. 3: Runtime comparison for FBTR vs FBSS.

C. Forward-Backward Smoothing

In this subsection, we demonstrate that, by combining the
both forward and backward smoothing, the number of required
subarrays can be reduced by half. The FB smoothed source
covariance matrix is obtained by taking average of the forward
and backward source covariance matrices as

RV — % (CCH v EEH) _ % gt ()
2L, L, 2L, L,
where G is given by
G =[C E]=[DV FV]eCEx2Laly, (53)

It is clear that rank(R{?) = rank(G) = min(K, 2L, L,).
As such, by combining the forward and backward processing,

K <2L,L, (54)

coherent sources can be detected. That is, the total number of
subarrays is required to be at least half the number of coherent
sources, which is the necessary condition. And the sufficient
condition for detecting K coherent sources, which shares same
v values for 7, —1 DOAs and same p values for 1, —1 DOAs

: Ne—1 ny—1
is Ly > = and L, > ~5—.

D. Computational Complexity Analysis

In this subsection, we compare the computational complex-
ity of the FBTR and the FBSS methods. After the coherent
covariance tensor is computed, the computational complexity
for the decorrelation process of the two methods is as follows:

1) For the FBTR strategy, the decorrelation process consists
of two main steps, namely
o Forming matrices R'Y) and R® by fixing the first two

indices of the coherent covariance tensor R;

o Constructing a slice of the decorrelated covariance
tensor, D(m, :, m/, :), using the rows of RY) and R®,
as described in Eq. (16).

These operations involve only slicing and reshaping of

the tensor, without requiring any additional arithmetic
computations.

2) For the FBSS method, obtaining the forward and back-
ward covariance matrices RY) € CMsMyxM:My gpg
R® ¢ CM:MyxM;M, requires L,L, matrix addi-
tions. This results in a computational complexity of
O(Ly Ly MZM?) additions.

Fig. [l illustrates the MATLAB runtime required for decorre-
lation using the FBTR and FBSS strategies. The simulations



were performed on a MacBook Pro equipped with an Apple
M1 chip and 16 GB of RAM. It is clear that the FBTR is
significantly more computationally efficient than the FBSS. In
particular, as the number of antennas increases, the runtime
gap becomes more significant because FBSS require sum-
mations over higher-dimensional data, whereas the TR-based
methods involve no arithmetic operations for decorrelation.

VI. DOF ANALYSIS AND OPTIMAL ARRAY DESIGN

A. Optimization Problem for DOF Analysis

In order to use the FB smoothed covariance matrix in a
subspace-based DOA estimation algorithm, e.g., MUSIC, to
detect K signals, the necessary condition is

MM, > K +1, (55)
while the sufficient condition is M, > K + 1 and M, >
K + 1. Based on these necessary and sufficient conditions of
subarray size and the number of subarrays, at least (9/4)K?
sensors are required when employing forward-backward SS
with a URA. The work in [38] further proposes a minimal
array structure using an L-shape array with L-shape subarray
grouping, which satisfies the above conditions and reduces the
number of required sensors to K2 + 4K — 2 for detecting K
coherent sources. This design provides the optimal solution for
the worst-case scenario, i.e., when either all uy’s or all v’s
are identical. However, in many practical cases, only a subset
of px’s or vy’s are identical. In such scenarios, the minimal
L-shape array of [38] becomes over-designed, leading to more
sensors than necessary. Moreover, due to the inherent L-shape
geometry, backward smoothing cannot be exploited, and thus
the full benefit of forward—backward smoothing is not realized.

In this paper, we generalize the concept by formulating an
optimization problem to jointly determine the subarray size
and the number of subarrays in a URA. Unlike the worst-
case design [38], our approach introduces bounds on these
parameters to explicitly account for the maximum allowable
number of identical uy’s or vj’s among coherent sources. As
a result, the proposed method requires that the subarray size
and the number of subarrays satisfy the necessary conditions
(G4) and (33), together with additional constraints that allow
for a specific number of u or v equality. Specifically, if several
groups of coherent sources share the same vj’s with the
maximum group size 1, — 1, and similarly several groups share
the same fi;,’s with the maximum group size 7, — 1, then the
following conditions must hold: M, > n, +1, M, > n, + 1,
L, > (ny —1)/2, and L, > (n, — 1)/2. By exploiting
this flexibility, the proposed optimization framework avoids
overdesign, enables the use of full forward—backward smooth-
ing, and achieves significant reduction in the required number
of sensors compared to the worst-case design in [38]]. Then,
the total number of sensors of the URA is

N =(L, + M, — 1)(L, + M, — 1)
=(LyLy+ MMy, +1) — (Ly + L, + M, + M)+

(LgMy + Ly M,).
(56)

To use a minimum number of sensors for detecting K sources,
the following objective function needs to be minimized:
i =—(L L M, + M,
LM f=—(Le + Ly + M, + M,)

K
s.t. LoLy > o MMy > K +1,

Ly, Ly, My, M, € Z,

(57)
where 7, > 2 and 7, > 2 are predefined constants that
represent one greater than the maximum number of identical
v’s and p’s, respectively, and also determine the subarray

. ~1 —1
apertures, while ¢, = 72— and (, = ’7142 .

B. Relaxed Real-Valued Solutions

Because the optimization problem (37) involves integer
variables and thus is difficult to directly tackle, we first obtain a
real-valued solution and then perform numerical optimization
for integer solutions.

The real-valued solution for (37) considering 1, < 7, is
obtained in Appendix B of the Supplement and is expressed
as

(vaLya Mwa My) =

: c—-1

if GGy > =5,

if C=Cy <3+ and
77m"]y>ca

(Cx»(ymwﬂ?y) >
(lﬂcv lyanxany) )

K(C—ny K -1) ¢ .
( 2n£,(nyil))7 2?%21;@) )7 My’ ny) , if meny < C,
(58)
with
( K(ne—1) K(ny—1)> if 12(((,;7;__11))2(1 and
oty = 4 Wz Vo= ) 0 e
(%’ Cy) ) otherwise,
(59)

where ' = K + 1. For n, > 7,, the solution for the case
NNy < C is symmetric to that of 7, < 7,. Note that,
in the sequel, we will use L, Ly, M, M,,C to denote the
real-valued solutions, and L, Ey, M,, My, C for their integer

counterparts.

We can also find the number of DOFs, ie., K = C — 1
from a given number of sensors /N, by substituting the optimal
solution from Eq. (38) into Eq. (36) as

2 c—1
1 xCy< sTx >C,Ly>Ce,
1+2 (v N-2y Csz)) , iy Znd Losi, ¢

ool EN — 46y, if CoCu< Ci;;?i?;yzc’ and
- 2 se,
1+ <2]\é41\}1) 5 if C > nzny and 0y = 2,
— 2 _ 40 .
_@7 if C > neny and ny > 2,

(60)
where o = (;-—3)% 8 = 2(;-—3)b—2N, and v = b*+2N,
b=N+n,—3.

C. Determination of Optimal Integer Solutions

In practice, integer solutions are required for L, Ly, M,
M,, and N. Denote L,, L,,, M, M,,C, and N as their integer
solutions. A 4D brute-force search for the integer combina-
tion (L, Ly, M, M,) for a large array would be extremely
computationally expensive. A naive alternative approach is



Algorithm 1: Algorithm for finding integer solutions
(Lo, Ly, My, M,)

Input : C, Ly, Ly, 1z, 1y, 0 B
Output: (L, L,, M, M,),C, and N

1 Set Lx,min = [ﬂz;l“7 Ly,min = |'7]y2_1"7

M;c,min = |—771,-|, My,min = |—77y-|

2 Construct integer search neighborhoods around the
parameters spanning £ as
L, = max(Ly min, round(Ly) — 0) : round(L,) + 6,
and similarly for £,, Mg, M,.

Initialize candidate list S = @

w

for each L, € Lx, Ey €Ly, M, € My, M, e M,
do

N

5 Ng=(Ly+ M, —-1)(Ly+ M, —1)

6 Ceand = min(M,M,, 2L, L, + 1)

7 Append (N, Ceands L, Ly, My, M) to S.

8 Sort S lexicographically in ascending order by
keys [1{N, >
N}: |Nq - N|7 _Ccanda _La:a _Mma Lyv My]

9 Set the first element after sorting as
(L, Ly, M,, M,,C, N)

10 end for

u return (L., L,, M,, M,,C, N)

to round up the real-valued solutions as L, = [L,],L, =
[L,],M, = [M,],M, = [M,]. This approach incurs
negligible computational complexity. However, the resulting
integer solutions are oversized and therefore lead to a larger-
than-necessary number of antennas, as we demonstrate later.

In the following, we present an efficient approach to obtain
a near-optimal integer solution with a low computational
complexity. This approach uses the real-valued KKT solutions
as a starting point and applies a local search and rounding
procedure. In particular, we introduce a local search parameter
0 to define the size of the search region, resulting in a search
space of at most (20 + 1)* integers. A typical value of § may
range between 1 and 2. As such, the overall complexity is
significantly lower than that of a brute-force approach.

In summary, to determine the number of DOFs for a total
N antennas, we first obtain the real-valued solutions for
(Ly, Ly, My, M,) and C using Egs. (38) and (60). Using these
solutions as the initial value and presetting a search parameter
8, we then employ Algorithm [[]to find an integer solution for
(Ly, Ly, M, M,) along with C. Note that C' < C holds due
to the stricter constraints for the integer solutions.

D. Cramer-Rao Bound (CRB) for 2D DOA Estimation

In this subsection, we derive the CRB expression for 2D
DOA estimation, which serves as a performance bound for
comparing the DOA estimation accuracy of different methods
in the sequel. The CRB expression is derived under the
assumptions that the columns of the array manifold matrix are
linearly independent and the noise components are spatially
and temporarily uncorrelated. For a sufficiently large number
of snapshots 7', the CRB can be expressed as [58]]

CRB = F!, (61)

where F' denotes the Fisher information matrix, expressed as

oT
F=" (Re [DHPLDQR;FD :
g

n

P, =T A(A"A)"1A" is the projection matrix, R, is
the source covariance matrix, and D is the matrix containing
derivatives of steering vectors with respect to the parameters
of interest.

In the underlying DOA estimation problem, the parameters
of interest are azimuth and elevation angles (¢,0) for K
sources. Define the matrices Dg and Dy as

(62)

Do - |9alpy,r) - Oalpx,vk)
7] 891 ) ) 89}( 3
(63)
b [Palu) | dalu.v)
b 6¢1 ) ) 6¢K )

where a(ug,vy) = a(pr) ® a(vg). Stacking these matrices
yields D = [Dg D], which results in

DYP, Dy DJP.D
D'"P, D= | "¢ +-° 9L4’]. 64
+ [DgPiDg DYP Dy ©4)
Therefore, the Fisher information matrix becomes
2T | Fo Foe
F_J?L{Fw Fg |’ (63)
where
Fg = Re {DgPng © R;f] ,
Fg =Re [DI;PlDd; @RT} ,
(66)
Foy =Re|DiP Dy o R,

Fuo = Re [DI;Png ® RST] .

Finally, the CRB can be obtained by substituting these results

to Eq. (&1).

VII. SIMULATION RESULTS
A. Optimal Array Configuration

In the first example, we consider a URA with N = 25
antennas and 7, = 7, = 3, implying that up to two
DOAs may share the same p or v value. To determine the
optimal array configuration, we first compute the real-valued
solution C = K + 1, which is found to be C = 12.8643,
and obtain (L, L,, M,, M,) = (3.1229,1.8995,4.2881, 3)
according to Egs. (&0) and (38), as listed in Table [l However,
since integer solutions are required for these parameters, we
utilize the real-valued C,L,, and 7, in Algorithm [ with
local search parameter § = 2 to obtain the integer solutions
as (Ly, Ly, My, M,) = (2,3,4,3) and C = 12. Note in
this case that C' = |C], and the number of DOFs is thus
K = 11. Using this solution, the numbers of antennas in the
X- and Y-axis directions are N, = L, + M, —1 = 5 and
Ny = Ly+M,—1 = 5, respectively. Under this configuration,
the FBTR-mat approach yields the same number of DOFs, i.e.,
11, as obtained from Eq. (33). Moreover, |(N,+1)/2]+p =4
and | (IV,+1)/2| = 3, supporting up to three identical v values
but at most two identical ;o values. We consider 11 DOAs



Method

Subarray arrangement
(LI7 Lya MIa My)

Number of

. Number of DOFs
antennas required

Solution for N = 25 antennas with 7z = ny = 3

KKT solution for real-valued case (3.1229,1.8995, 4.2881, 3) 25 11.8643
Round up using ceiling function (4,2,5,3) 40 14
Optimal integer solutions using Algorithm [I] (2,3,4,3) 25 11
Solution for N = 49 antennas with 1, = 7y = 4.
KKT solution for real-valued case (4.0668,2.6408,5.6199, 4) 49 21.4795
Round up using ceiling function (5,3,6,4) 60 23
Optimal integer solutions using Algorithm [I] (3,4,5,4) 49 19

TABLE I: Comparison of integer solutions and KKT solutions.

Array Subarray
I\Ll;rgsgagf arrangement arrangement Method DOFs

(NauNy) (LvayyszMy)

Ne =1y =4
90 (18,5) NA FBTR 13
90 (18,5) NA FBTR-mat 35
90 (18,5) NA FTR [55] 10
90 (18,5) NA FTR-mat [55] 26
90 (18,5) (9,2,10,4) FBSS 36

Ne =1y =6
90 (10,9) NA FBTR 10
90 (10,9) NA FBTR-mat 34
90 (10,9) NA FTR [S5] 8
90 (10,9) NA FTR-mat [S5] 24
90 (10,9) (5,4,6,6) FBSS 35
90 L shape L shape grouping Minimal array [38] 7

TABLE II: Comparison of the number of DOFs.

Number of
Antennas required

6
12
25
36

30

Method Ne =Ny

Proposed optimal array

[V BV, N UV I )

Minimal array

TABLE II: Comparison of the number of optimal array vs
minimal array for 4 sources.

with azimuth—elevation pairs (90°,30°), (0°,30°), (45°,45°),
(—36°,21°), (—30°,43°), (36°,53°),(18°,31°), (54°,47°),
(4°,59°), (—18°,73°), (—52°,67°). Among these, the DOAs,
(90°,30°) and (45°,45°) share the same v value of 0.5, while
(0°,30°) and (45°,45°) share the same g value of 0.5. Figs.
and show the MUSIC spectra for this configuration
using FBSS and FBTR-mat, respectively, where both methods
correctly detect all 11 sources, equal to the available DOFs.
However, when three identical p or v values are present, both
methods fail, as shown in Figs. and [5(b)} In this case, two
spurious peaks appear at (—45°,45°) and (—60,90), which
also correspond to p = 0.5 in the repeated-p group.

To handle larger multiplicities, e.g., 7, = 7, = 4, the
continuous and integer solutions are (L, L, M,, M,) =
(Lyy Ly, M, M,) = (2,2,4,4), respectively, with
(Ng, Ny) = (5,5), resulting in K = 8 DOFs. In this
case, the FBSS method successfully detects all sources,

Number of 8 shown in Fig. while the FBTR-mat still produces

two false peaks associated with identical p values, since
(N, +1)/2] = 3, allowing only up to two identical p’s.

When 7, and 7, are reduced, the number of achievable
DOFs increases. Considering from pure DOF perspective, if
we allow 7, and 7, to be 1, we obtain the highest number of
|2-25] = 16 DOFs for the uniform linear array case [24].
However, in such a case, the array loses its ability to resolve
elevation angles. As such, an appropriate value of 7, should
be specified to maintain the elevation subarray aperture.

We further consider a URA with N = 49 antennas
designed for 7, = mn, = 4. Here, FBSS supports up
to three identical p or v values. The integer solution is
(Lgy Ly, My, M,) = (3,4,5,4) with (N, N,) = (7,7),
yielding 19 DOFs for both FBSS and FBTR-mat. In this
configuration, [(N, +1)/2] +p =75 and [(N, +1)/2| =4,
confirming support for up to three identical p or four iden-
tical v groups. To form 19 sources, we extend the previous
11 DOAs by adding (50°,25°), (—56°,33°), (—26°,65°),
(—8°,17°), (—14°,57°), (—6°,37°),(30°,90°), (0°,30°) to
make 19 sources. Figs. [A(d)] and illustrate that both
the FBSS and FBTR-mat approaches successfully detect all
sources, with the latter resulting a cleaner spectrum.

Fig. 6] compares the proposed FBTR with CPD and FTR
method developed in [S5]. For a 25-antenna array with
(Nz,Ny) = (5,5), the proposed method achieves 5 DOFs
according to Eq. (3Q), whereas the method in [533]] can resolve
at most 4 sources. As shown in Figs. and the
proposed method successfully detects all 5 sources, while the
method in [55] fails since the number of sources exceeds its
DOF limit. Figs. [6(c) and [6(d)|illustrate the case with 7 sources
with (N,,N,) = (7,7). Here again, the proposed method
detects all signals, whereas the method in [S5] fails due to
the number of sources being beyond its DOF capability.

B. Comparison of DOFs

Table [ compares the number of DOFs among various
decorrelation methods. For this comparison, we consider an
array of 90 antennas with two different arrangements. The
first arrangement is for 7, = 4, and so, (L, Ey, M,, My) =
(9,2,10,4), resulting in (N, N,) = (18,5) obtained from
Algorithm [1I In this case, the FTR method [533] achieves 10
DOFs. In contrast, the proposed FBTR strategy attains 13
DOFs as computed from Eq. (3Q). Furthermore, by matricizing
the reconstructed tensor, the number of DOFs is increased to
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35 using Eq. (33), whereas the method in [33] can detect up to
26 sources. Thus, incorporating backward slices into the tensor
reconstruction technique provides an additional 3 DOFs for the
CPD-based tensor decomposition approach and 9 additional
DOFs for the matricized tensor reconstruction compared with
the forward-only counterpart. For the same configuration, the
FBSS achieves 36 DOFs.

For a larger value of n, = 7, = 6, the number of DOFs
decreases relative to the 7, = n, = 4 case. Nevertheless,
the proposed method still achieves a higher number of DOFs
compared with the method in [53]]. In all these scenarios, the
minimal array configuration for SS [38] achieves only 7 DOFs,
which is significantly lower than the proposed methods due to
its worst-case design and the inability to exploit the backward
strategy.

To further compare the proposed optimal array with the
minimal array [38], we consider 4 sources with different
values of 7, and 7, as listed in Table [Tl The minimal array
is designed solely for the worst case, ie., 7, = 1y, = 5,
where all 4 sources have identical p and v values. In this
case, it requires 30 antennas, whereas the proposed optimal
configuration requires 36 antennas. However, for smaller 7,
and 7,, the proposed array uses fewer antennas than the

3 3
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Fig. 7: RMSE versus input SNR.
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Fig. 8: RMSE versus the number of snapshots.

minimal array. For example, when 7, = 7, = 4, the proposed
array requires only 25 antennas.

In summary, the proposed method achieves a higher number
of DOFs than existing methods. In particular, the tensor re-
construction—based approaches provide larger DOFs compared
with the method in [33]]. For SS—based methods, the minimal
array in [38]] requires the fewest sensors when all sources share
identical p and v values. However, when a reduced number
of identical px and v values are allowed, the FBSS with the
proposed optimal array design may require fewer sensors than
the minimal array.

C. Estimation Accuracy Analysis

In this subsection, we compare the DOA estimation ac-
curacy of both proposed methods. We consider N = 49
antennas with 7, = 4 resulting in the sensor arrangement
(Ly, Ly, My, M,) = (3,4,5,4). The number of antennas
is specified by (N,,N,) = (7,7). The DOA estimation
performance is evaluated by computing the root-mean-squared
error (RMSE).
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Fig. [l depicts the RMSE values against the input SNR. We
consider three coherent signals with azimuth and elevation
angle pairs (30°,45°), (6°,57°), (42°,51°), and their p and
v pairs are (0.61,0.35), (0.83,0.088), (0.58,0.52). 1,000
snapshots are assumed, and a total of 100 Monte Carlo
trials are performed to compute the RMSE values. From Fig.
[7l it is observed that the tensor reconstruction approaches
provide significantly better performance than the SS-based
approaches across all SNR regions, with the improvement
being particularly evident at lower SNRs. This is because

the structural characteristics of the high-dimensional signal
tensor are more effectively exploited by tensor decomposi-
tion methods such as CPD. The FBTR-mat also achieves
lower RMSE values compared with the SS—based approaches.
Moreover, the proposed FBTR achieves better performance
than the FTR decomposition in [33], due to the enhanced
decorrelation capability provided by backward processing.
Similarly, FBSS outperforms forward-only SS (FSS). When
the input SNR is 10 dB, the RMSE values for azimuth
estimation are 0.0385, 0.0636, 0.0931, 0.0968, and 0.2359



for the FBTR, FTR, FBTR-mat, FBSS, and FSS, respectively.
For elevation estimation, the corresponding RMSE values are
0.0242, 0.0349, 0.0589, 0.0797, and 0.2007.

Figs. and show the RMSE values versus the
number of snapshots for azimuth and elevation angles, re-
spectively, where the number of snapshots is varied from 10
to 300 with the input SNR fixed at 5 dB. Similar to Fig.
[l tensor reconstruction approaches outperform the existing
methods, with the proposed FBTR achieving lowest RMSE
values compared to the other methods.

We also compared the performance of the different methods
against the CRB as a theoretical lower bound. Note that the
CRB expression in Eq. (&) is derived for the underlying URA
and does not require the sources to be uncorrelated because
coherence is captured through the source covariance matrix.
Specifically, the CRB depends only on the array geometry, the
source covariance matrix before decorrelation, the DOAs, and
the noise power, all of which are common to the decorrelation
strategies considered in this paper. From Figs. 6 and 7, it
can be observed that the proposed FBTR method remains
consistently closer to the CRB than the other methods.

To further evaluate the generalizability and robustness of
the proposed methods, we conduct additional simulations by
1) fixing the total number of antennas while varying the array
geometry, and 2) varying both the total number of antennas
and their arrangements. For each antenna arrangement, we
generated random DOAs for three sources. Figs. [9] and [10] il-
lustrate the RMSE versus input SNR for azimuth and elevation
angle estimation, respectively. The first four plots (Figs.
[0(d) and [TO(@HIO(d)) all use 90 antennas. We randomly select
four geometries: (L, L,, M,,M,) = (5,4,6,6), (7,3,4,7),
(8,2,2,8), and (10,4,6,3). The first three arrangements
yield (N, N,) = (10,9), while the last arrangement gives
(Nz, Ny) = (15,6). In all cases, the proposed FBTR method
consistently outperforms the other approaches, and overall the
tensor-based methods outperform the spatial smoothing—based
methods, especially at low SNR. The performance gap is
particularly pronounced for the third and fourth configurations
with (8,2,2,8) and (10,4, 6, 3) because their subarrays have
a very small aperture in one of the two dimensions (e.g.,
M, = 2 in the third arrangement and M, = 3 in the fourth
arrangement), thus restricting their capability to effectively
capture 2D angular information. In contrast, the tensor-based
methods do not rely on subarray formation and thus are not
affected by such aperture imbalance. The last two plots, Figs.
O() and use different numbers of antennas,
(Ly, Ly, M, M,) = (4,3,5,6) and (3,2,3,4), which yield
(Ng, Ny) = (8,8) and (5, 5), respectively. In these cases, the
proposed FBTR method again outperforms all other existing
methods and remains closest to the CRB.

D. Connection between Number of DOFs and DOA Estima-
tion Accuracy

In this subsection, we discuss the connection between the
number of DOFs and DOA estimation accuracy. Since no sin-
gle universal relationship exists between them, we separately
examine the following cases:

1) Tensor versus matrix-based methods for a fixed array
configuration: Tensor reconstruction—based methods such as
FBTR and FTR offer better DOA estimation accuracy, as
illustrated in Figs. [[HIQl This is because tensor modeling of
the higher-dimensional signal preserves its structural charac-
teristics, and tensor decomposition techniques such as CPD
exploit this structure to estimate the DOAs. In contrast, matrix-
based approaches such as FBSS and FBTR-mat merge the
dimensional information, i.e., the steering vectors, thereby
losing the structural characteristics.

In terms of DOFs, tensor reconstruction—based approaches
provide fewer DOFs than matrix-based methods, since the
latter merge the steering vectors from different dimensions
into enlarged composite vectors, thereby increasing the overall
DOFs. This distinction in DOF enhancement is evident when
comparing Egs. (25) and (34). For the tensor-based FBTR
method, the total number of DOFs is obtained by adding
the DOFs along the X and Y axes, whereas the matrix-based
FBTR-mat formulation yields a multiplicative combination of
these DOFs.

2) Forward-only versus forward-backward case for a fixed
array configuration and decorrelation strategy: For a fixed
array configuration and a fixed tensor- or matrix-modeling
framework, forward-backward approaches provide both a
higher number of DOFs and improved estimation accuracy
compared to their forward-only counterparts, as shown in
Figs. This advantage arises because forward—backward
methods, such as FBTR, utilize larger effective tensor slices
than FTR, while FBSS employs larger effective subarrays than
FSS. These enlarged dimensions increase the number of DOFs
and improve the DOA estimation accuracy.

3) Different antenna configuration for a fixed number of
antennas and fixed decorrelation strategy: For a fixed number
of antennas, the solution to the optimization problem in Eq.
(57) yields the maximum achievable number of DOFs. From
the DOA estimation accuracy perspective, the performance of
the TR-based methods remains robust as long as the array
configuration is not extremely unbalanced, i.e., when one
dimension has many sensors while the other has very few. In
contrast, SS-based methods require reasonably balanced subar-
ray dimensions, and highly unbalanced subarray configurations
lead to noticeable performance degradation as shown in Figs.
[O(d) [T0(c)l and [TO(d)} This degradation occurs because
balanced arrays offer sufficient aperture in both dimensions,
enabling more effective capture of both azimuth and elevation
information.

4) Complementarity of the proposed strategies: In all cases,
forward-backward strategies should be adopted because they
improve both the DOFs and the DOA estimation accuracy.
For a fixed number of antenna elements, when the number
of coherent sources is relatively small, such as localizing a
few coherent sources or a few dominant propagation paths
with high accuracy in radar or wireless communication, the
FBTR method is more suitable. In contrast, when the number
of sources is larger, such as in resolving many multipath
components in rich scattering wireless environments, FBSS
or FBTR-mat with the proposed optimal array arrangement
becomes more appropriate.




VIII. CONCLUSION

This paper addressed the rank deficiency problem of the
covariance tensor obtained from a URA for mutually coherent
sources, which poses a significant challenge for conventional
DOA estimation methods. To overcome this issue, we pro-
posed two decorrelation strategies, one based on FBTR and
the other based on FBSS. For the FBSS approach, we derived
an optimal array arrangement that specifies both the number of
antennas in each subarray and the number of subarrays along
the X and Y axes, maximizing the number of DOFs for a given
number of antennas. This optimal configuration is applied
to both proposed strategies to achieve the highest number
DOFs for a particular number of antennas. Both strategies
incorporate forward and backward processing to enhance the
DOFs. When combined with the optimal array arrangement,
the FBSS approach achieves the highest number of DOFs
among existing methods for 2D coherent signals. In con-
trast, the FBTR method provides improved DOA estimation
performance by exploiting tensor decomposition technique.
Furthermore, the matricized FBTR, i.e., FBTR-mat offers
a more computationally efficient decorrelation process than
FBSS while achieving a similar number of DOFs.
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APPENDIX A
TENSOR RECONSTRUCTION STRATEGY FOR EVEN NUMBER
OF SENSOR ALONG THE AXES

In this appendix, we investigate the cases in which NV, and
N, are both even. Then, the sensor locations are expressed as

S = {(ﬂfg,ygﬂ Ts € [_NL/2,NJ,/2 — l]d,

67
ys e N, /2 N2 dy. 07

Note that it is also possible for one axis to have an even
number of antennas while the other axis has an odd number.
In such scenarios, the reconstruction strategy for the even axis
follows the approach developed for the even case, whereas the
strategy for the odd axis follows the odd case.

A particular (m,n,m’,n')th element of the forward co-
variance tensor, i.e., ’R(f)(m, n,m’,n’) can be expressed

similarly as Eq. (13) for m,m’ € [—%,% — 1] and
n,n' € [-2x, % _1]. The backward covariance tensor is

2772
expressed as

RO (m,n,m’,n") = (R (= (m+1),—(n+1),

= (m'+1),=(n' + 1)))".
(68)
From RY) and ’R(b), we obtain the forward and backward
matrices RY) and R® similarly as Eq. (15).

Using these matrices, we construct a decorrelated tensor D,
where the (:, 71, :, n/)th slice of D is obtained by arranging the
rows of RY) and R® in a Toeplitz structure. Note that the
row indices of both RY) and R® are between —% and
N 1.

2Fig. [L1] illustrates the proposed FBTR-based decorreation
process, which incorporates both the forward and backward
covariance matrices R and R®). In this case, the slice D(:
,M,:,7') is constructed by placing the —pth element of the
(—n+n")th column at the top and forming a Toeplitz structure
using R'Y) for indices satisfying m < % — p. Beyond this
range, the corresponding column of R™ is used to comj;\Jflete
the slice. By doing so, the dimension of D is (&= +p) x 5 x

(£ +p) x A;“ , which follows the same expression for the odd

. N N
case, i.e., (| Nt | 4 p) x [ Mot | o (| Natl |y py o | Mautl ),
The value of p for the even case is obtained from Lemma 2

Lemma 2. For even number of antennas N, the optimum
value of p that maximizes the number of DOFs is L% + %J

Proof. Consider a slice of the decorrelated tensor for fixed
second and fourth dimensional indices, e.g., squeeze(D(:, 7,

R®
R D(:, 7,2, 7)
- I&J INX J
S . 12
S ; |
1 |Forward
Ll
0 Y | 0
1 I
1
N, : IBat:kward part
I_J -1 1 1 [NX
2 [ e gyl ! —-1
—fi+ 7 2 —f+a

Fig. 11: Construction of a slice D(:,n,:,n’') for even N,
with Forward backward mapping. In this example, N, = 8
is considered with p = 2.

:,7')). In the forward-only case, where p = 0 and N, is even,
the slice has % columns and % + 1 rows available from
the forward matrix. As p increases, the number of columns
increases by p to % +p, while the number of rows contributed
by the forward matrix decreases by p to % + 1 — p. The
optimum value of p is the maximum value to maintain square

structure of the slice. This condition can be expressed as

Ny Ny
2<+1+p>2<—p>, (69)
2 2
hich It
which results 3 N, Jrg o0
P="6 "%
As a result, the maximum value p can have is
= |2 1)
P=1% T3]
U

For both odd and even N, and N, cases, the number of
DOFs is obtained from Eq. (34) as

N,+1]|N,+1 N, +1
DOFFBTRmat:{ J{ 4 J‘FP{ ¥ J—l

2 2 2
N, +1
— \‘y2+ J v — ].,
(72)
where v = L% + p| and p is given as

Netl | N, is odd,
b= |~]\]6+4J ’ . (73)

LZTJ , N, is even.

Proposition: The DOF expression from Eq. (Z2)) for both even
and odd N, and N, can be simplified as

DOFrp R —mat = {Ny i 1J (4 {NJ +u> S1,(74)

2 6



where
0, N, =0 (mod 6),
1, N, =1 (mod 6),
U =1 2, N, =2 or 3 (mod 6), (75)
3, N, =4 (mod 6),
4, N, =5 (mod 6).

Proof. We consider the following cases based on the divisi-
bility of 6, and denote z = | &= |,
1) N, =0 (mod 6): In this, we can write N, = 6z, thus

p= "] =2+ 5] =zand M| = 324+ | =
3z. Therefore,
N, 1

v= { ”; —|—pJ =4z. (76)

2) N, =1 (mod 6): In this, we have N, = 6z+1. As such,

p= 2] =[x+ 4] =z and [Nghl] = 852 =
3z + 1. herefore

N, +1
v—{ 2+ +pJ—4z+1. a7

3) N, =2 (mod 6): In this case, we obtain N, = 62 + 2.
Therefore, p = [ Netd | = | 6246 | = ;4] and [ Vet ] =
L6z+3j =3z + 1. As a result,

{Nﬁrl
v =

5 (78)

4) N, = 3 (mod 6): In this case, we have N, = 6z + 3.
As such, p = [Metl| — 6284 | — > and [Netl| =
|82+ | = 3z + 2. Therefore,

N, +1
v =
2

+pJ =4z 4 2.

+pJ =4z +2. (79)

5) N, =4 (mod 6): In this case, we obtain N, = 6z + 4.
Therefore, p = | et | = 8258 | = 241 and | Pstl| =
|95 | =32 + 2. As a result,

N, +1
R

6) N, =5 (mod 6): In this case, we can write N, = 6z+5.

+pJ =4z +3. (80)

As such, p = | Mgl = | 9250 ] — 2 4 1 and [N | =
| 92t8 | = 3z + 3. Therefore, we obtain
V= {Nw;l +pJ =4z + 4. (81)
O
APPENDIX B

SOLVING THE OPTIMIZATION PROBLEM EQ. (57)

We first relax the integer constraint in Eq. (57) as

Lm,LS}II\?x,My f=—(Ly+ Ly, + M, + M,)
+ (LaMy + Ly M)
st —LoL, < —5, MM, <K +1,
- Lw S _Cz7 _Ly S _Cy7

- M:L’ S Nz, _My S _ny7
(82)

The Lagrangian for the problem (82) is obtained as
L=—(Ly+ Ly + M, + M,)+ (L, M, + L,M,)
+Ap(P — LyLy) + Ac(C — MyMy) + XNz (¢e—La)
+ Aty (Cy —Ly) + Ama (0o — M) + Ay (0y — My), (

where P = % C = K + 1, and X’s are the Lagrangian
multlphers corresponding to the inequality constraints. By
lettmg = é?f = aﬁ = a—ﬁ = 0, we can obtain the

fol]owmg Karush— Kuhn—Tucker (KKT) conditions:

My —1—ApLy — Az =0, (84a)
M, —1—-XApL;y — Ay =0, (84b)
Ly—1—-XcMy — Az =0, (84c)
Ly —1—=AcM; — Ay =0, (84d)
Ap(P—LgLy,) =0, (84e)
Ac(C — M,M,) =0, (84f)
Az (G — La) = 0, (84g)

Aly (Cy - Ly) =0, (84h)

Ama (e — Mz) =0, (84i)
Amy 11y — M) =0, (84))

Lo > oy Ly = Gy, My 2 1), My > 1y, (84k)
L,L,>P, M,M,>C, (841)
A1, A2, Ag, Ay > 0. (84m)

Considering the complementary slackness of the A’s, we have
the following cases:

1) Case 1 (A\p = Ac = 0): In this case, \j; = M, —1>0
and A\, = M, —1 > 0 from Egs. (84a) and (84D,
which inplies L, = (, and L, = (, from Eqgs. (84g)
and (84R). Moreover, A\, = L, — 1 and A,y = L, — 1
from Eqs. (84d) and (84d). Considering the four possible
cases of equality or inequality between ()\mz7 Amy)s
the corresponding solutions are ({z, ¢y, max(n, 77) My)s

(C:E) Cya Nz max(ny7 7771_))’ and (C$’ Cyv Nz, 77y) However
these solutions are equivalent to ((z, Gy, 7z, 7y )-

Proof. The feasibility condition requires (2xCy > % By

definition, (, = "I—l and ¢, =

Natly = (2Cz + 1)(2¢y +1) = 4Cz<y +2(C +¢y) + 1.
(85)

Since (z(y > %, we obtain

nwny 2 2K+2(<m+gy)+1 = 2C+2(Cx+Cy)_1 2 20
(86)

Now, n,nm, > 2C implies n, > 2(;‘ > C

hence max(n,, n—) = 1. Similarly, it follows that

maX(Uya I) - 77y D

2) Case 2 (Ap = 0 and A¢ # 0): No solution exists in
this branch. In this case, A\jy = My — 1> 0 and Ny =
M, —1 > 0 from Eq. (84a). From Egs. (84g) and (84h),
we have L, = (, and L, = (,, while A\¢ = 0 implies
M,M, = C = K + 1 from Eq. (84f). The feasibility
condition requires M, > n, and M, > n,, which gives



3)

4)

M,M, > n,n,. By definition, ¢, = =~ and ¢, =

Ny —1
2L 0

N2y = (2C+1)(2¢,+1) = 4 Cy+2(Ce+Cy)+1. (87)

. ey ey .. . K
Since the feasibility condition also requires (;(y > o

and (, ¢y > 0.5, it follows that

Ny > 2K +3=2C+12>C. (88)

Thus, MM, > n;n, > C, which contradicts MM, =
C'. Hence, no feasible solution exists in this case.

Case 3 (\p # 0 and A\¢ = 0): From Egs. (84d) and ([84d),
we have A\, = L, — 1 and A,y = L; — 1, and from
Eq. (849), L,L, = P.

For A, # 0 and X\, # 0, considering the
equality and inequality to zero of (A\pg,Amy). the
solutions are (L, Ly, My, My) = (Co,CysNwsMy)s
(sz Cya maX(ﬁm» 77%): "7y)’ and (sz Cyv Nz, max(nyv q%))
However these solutions are equivalent to (Cy, Gy, 7, 7y )-
For A, # 0 and X, = 0, the solutions are
(Cm gymax(%, %)777.1/) and (Cﬂca g,%,max(nya 7]%))
For A, = 0 and X, # 0, the solutions are
(g» Cys max (1, %)7 ny) and (gv Cys Nas maX(nw 7%))
However, these solutions are equivalent to ({, g, Ney My)
and (£7Cy777$777y>-

Proof. Consider (Ly, Ly, My, M,) =
(Cas C%,max(nw, %),ny). This solution is obtained
when Apy # 0, Ay # 0, and Ay = Ay = 0. Since
Ame = 0 implies L, = 1. Also, L, = (; and L, L, = P
give (, = P, leading to , = 2(, +1 =2P+1=C.
Because 7, > 2, we have % < C = n,, and thus

max(nx,ng) = 1n,. Hence, the solution reduces to

Yy

(Cas g7n$7ny>- A similar argument holds for the other

case. O
M,—1

Finally, for A\;, = 0 and X\;y = 0, using L, = SV
L, = M)'fgl, and L, L, = P from Egs. (84a), (84D), and
(84¢)), and considering the equality and inequality to zero
of (Amz, Amy), the solutions are (L, L, M,, M,) =

(1,P,ng, P(n, —1)+1), (P,1,P(n, — 1)+ 1,7n,), and

P(nz—1 P(n,—1
(\/ 7(773/,1 )7 7(7ny1 )7771777,1/)'

It can be shown that ((,, 57%,17,,) and (CE,(y,ngE,ny)
yield the same value of the objective function. Without
loss of generality, we select (5, Cy» M, My )- The solutions
(L-Panzvp(nl’_l)—"_l) and (P7 17P(77y_1)+1777y) pro-
vide larger values of the objective function compared with
(%, Cy»Ma»My) and can therefore be discarded. Hence,

in this case, the unique solution is (?,Cy,nm,ny) and
Y

P(n,—1 P(n,—1
(/P e )
Case 4 (Ap # 0 and A¢ # 0): This case implies L, L, =
P and MM, = C. Based on the equality or inequality
to zero of A\iz, Ay, Az, and Ay, we got the following
cases.

a) All of them are zeors:

Substituting A\iz = Ajy = Az = Ay = 0 into Egs.
(84a) —(@®4d) and subtracting Eq. (84b) from Eq. (84a)
yields

M, — My = Ap(Ly — Ly). (89)
Similarly, subtracting Eq. (84d) from Eq. (84d), we get

Ly — Ly = Ao(M, — M,). (90)
Substituting Eq. (89) into Eq. (00), we have

Ly — Ly = ApAc(Ly — L) 1)

This leads to two possibilities, i.e., either ApAc = 1
or Ly = L.

For pqpe = 1:
Adding Eqs. (84a) and (84B), we obtain

(Mg + My) — Ap(Ly + Ly) = 2, 92)
that is,

—Ac(M, + My) + (L, + Ly) = —2\¢. 93)

Similarly, adding Eqgs. (84d) and [84d), we get
—Ao(Mg + My) + (Ly + Ly) = 2. (94)

Comparing the above two equations, we find that A¢c =

—1, which contradicts with Ac > 0. Hence, it is is not

feasible.

For L, = L,:

From Eq. (89), this also implies M, = M,. Applying

these conditions to Eq. (84e), we find:

L:,C:Lyzﬂg7 (95)

and from Eq. (84), we obtain:
M, = M, =VC. (96)
Therefore, the solution is (Ly, Ly, My, M,) =
(5.\/5.VC.VO).
b) Three of them are zeros:
1) Mg = Ay = Az =0, and Ay # 0:

From Eq. (84]), we find that M, = 7,, which im-
plies that M, = ng Form Egs. (84a) and (84e), we

obtain Ap = L=t — 20=DLs Eorm Bqs. (845)
Yy
and (84D, we have A\p = Me=1 = (ng —1)/L,.
g y
Comparing these two expressions yields

C—ny

2(77y - 1)L, _ My Cn)
K L, ’
1.e.,
c 2ny(ny — 1)’
which results in L, = % As a result,

_ K [Km(y 1)
ST e T

Therefore, the solution is (L, Ly, My, M,) =

( K(C—ny) Kny(ny—=1) C )
2, (,—1) \ 2(C—n,) 2,0 )




Due to symmetry, it can be shown that, for (Car Cys> N> My ) (Cw,g“y,ngﬂ,ng), (Cmgy,ngmy),
the case )\lI = .>\ly . = )\7”“/ = 0 and (Cwa%ﬂh,ny)’ and (%7Cy’nlany) Therefore
Amg_# 0, the solution is (Lg, Ly, My, M,) = in this case, the unique solutions are considering
K1y (10 1) K(C—nq) C : K(C—ny) Kny(ny C
.. ( 2(C=nz) 212 (nz—1)° Th,ﬁf) Ty Z Nz 18 ( 27]y(77y711)’ Q?Cn'fly) 7"ly’ny)
11) >\ly )\mw = )\my = 0 and )\l;v 75 0: d K K \/5 \/6 B h
This case implies L, = (; and L, C from an ) (\g’ V2 ? )- etween  these t.WO
Egs. @ and @) From Eq. m we obtain solutions, it can be shown that, the solution
L,—1 (C 1) M, ( 2};(%;7771?11))7 K;zycgm%*)l)’ n 777y) yields a
Ac = M = ¢ Wwhile from Eq. (84d), lower value = of the objective function than
Ao = Cz L Equating these two expressions of A¢ ( /%, \/57 VC,V/C), and therefore the latter
yields M, = /=D ) and M, % can be discarded.

2(1_

Proof. Minimizing the objective function is equivalent
Therefore the solut10n is (L, Ly, My, M,) =

to minimizing

C(Ca—1 C(55--1) . .
(Gor e (| SE=t | —E57)- This solution, 9= (Ly — 1)(M, — 1) + (L, — 1)(M, — 1). (102)

however, is not feasible. First, compute the value of g for the first solution.

C x x x .
Proof. Here M2 = (i_i) = 2(K+1)f2<(§ =% Define A = n, — 1 and B = ng — 1. In this case,
Since the feasibility condition requires M, > n, L.Ly, = P, and it follows that
and M, > n,, we have C = M, M, > n,n, = I B
2(2<$+1), because 71, > 2. Therefore K > 4, +1. L—I =7 (103)
Plugging this value into the expression for M2 Y
yields which gives L, 7 and L, B
4C, + 2) (o (Co — Therefore, the objective functlon for the first solution
M2 < 2T VG 1)y e is
4Cx +1- 2C:v
= (26 +1)* = (8¢ +1) < (26 +1)* =72, g1 =A(Ly — 1)+ B(L, — 1) = 2VPAB — (A+ B).
S . (100) (104)
which is infeasible. O Note that A+B = ny+ng—2 > 2(y/C—1), since Ny +
Due to symmetry, for the case A\jz = Az = Ay = 0, ng > 2v/C by the AM-GM inequality. Furthermore,
and A\, # O,Kthe solution is (L, Ly, My, M,) = AB — C—Uy—ng‘*‘l <CO+1-2/C = (VT 1),
CE -1 Y
(£, ¢y S [CGm)) which s also infea- which implies vAB < vC — 1. Substituting these
Y Y E7 . .
sible. bounds into g; yields
c) Two of them are zeros: g1 <2VP(VO 1) - 2(VC - 1) (105)
D) A # 0, Ay # 0, Ay = 0 and Ay = 0: =2(VC-1(VP - 1),
From Eqs. (®4g) and (84h), we obtain L, = which is exactly the value of the objective function for
CLI _?nd I(’Cy —SM Gy From Eq. @4d. Ao = the second solution, go. Hence g; < gs.

11(41, = =——=, while from Eq. B4d), Ao = Therefore, in this case it is sufficient to retain only the
C']Tijl. Equating these two expressions of A¢ first solution. O
gives M, = /S —1;) and M., — C(éiy —1;) Therefore, all solutions can be summarized as follows
Therefore, the solution is (Ly, Ly, My, M,) = (Ly, Ly, My, M,) =

C—1) [C(—1) : P . _
(Czr Gy, SRR S ). This solution is in- (Ca»r Cys Mzs My) if (zCy > Tl,
feasible since (1 Ly, 77y) if ¢y < Sk 1Ca,nd
) ) T b - y>
MMy > may = 462Gy + 26 + ) + 1 Ty /KT £ am £ C
= 2K +2(Co +¢y) +1 (Vo e ) i ey < C, (106)
which contradicts the condition M, M, = C, and ( K( m—l K(ny—1) ) if V %241 and
therefore the solution is not feasible. (Le, 1) = 2(ny—1) 2(n2—1) f;ﬁ,’,’g:ﬂf >y,
i) Az =0, Ay =0, Apee # 0, and Ay, # O (f’ Cy) , otherwise.
From Eqs. (84i) and (84]), we find that M, = n, v (107)

and M, = n,. This is a special case of Case (bl)
when 71,1, = C, thus results in the same solution.
For all other cases, it is straightforward to
obtain the solutions are one of the followings



	[4Pub]__Saidur_FB_SS_for_2D_coherent_DOA_Estimation_Revision
	Introduction
	Preliminaries
	Signal Model
	Structural Property of Uncorrelated Covariance Tensor
	Signal Model of the Coherent Signals

	Decorrelation of Covariance Tensor Based on Structured Tensor Reconstruction
	Forward-Backward Tensor Reconstruction Strategy
	DOA Estimation via CPD
	DOA estimation
	Identifiability in CPD

	Analysis of the Number of Degrees of Freedom

	Decorrelation of The Covariance Tensor Using FBSS
	Forward Smoothing
	Backward Smoothing
	Forward-Backward Smoothing
	Computational Complexity Analysis

	DOF Analysis and Optimal Array Design
	Optimization Problem for DOF Analysis
	Relaxed Real-Valued Solutions
	Determination of Optimal Integer Solutions
	Cramer-Rao Bound (CRB) for 2D DOA Estimation

	Simulation Results
	Optimal Array Configuration
	Comparison of DOFs
	Estimation Accuracy Analysis
	Connection between Number of DOFs and DOA Estimation Accuracy
	Tensor versus matrix-based methods for a fixed array configuration
	Forward-only versus forward-backward case for a fixed array configuration and decorrelation strategy
	Different antenna configuration for a fixed number of antennas and fixed decorrelation strategy
	Complementarity of the proposed strategies


	Conclusion
	References

	[4Pub]__Saidur_FB_SS_for_2D_coherent_DOA_Estimation_Supple
	Appendix A: Tensor reconstruction strategy for even number of sensor along the axes
	Appendix B:  blackSolving the optimization problem Eq. (57)

	[4Pub]__Saidur_FB_SS_for_2D_coherent_DOA_Estimation_Revision
	Introduction
	Preliminaries
	Signal Model
	Structural Property of Uncorrelated Covariance Tensor
	Signal Model of the Coherent Signals

	Decorrelation of Covariance Tensor Based on Structured Tensor Reconstruction
	Forward-Backward Tensor Reconstruction Strategy
	DOA Estimation via CPD
	DOA estimation
	Identifiability in CPD

	Analysis of the Number of Degrees of Freedom

	Decorrelation of The Covariance Tensor Using FBSS
	Forward Smoothing
	Backward Smoothing
	Forward-Backward Smoothing
	Computational Complexity Analysis

	DOF Analysis and Optimal Array Design
	Optimization Problem for DOF Analysis
	Relaxed Real-Valued Solutions
	Determination of Optimal Integer Solutions
	Cramer-Rao Bound (CRB) for 2D DOA Estimation

	Simulation Results
	Optimal Array Configuration
	Comparison of DOFs
	Estimation Accuracy Analysis
	Connection between Number of DOFs and DOA Estimation Accuracy
	Tensor versus matrix-based methods for a fixed array configuration
	Forward-only versus forward-backward case for a fixed array configuration and decorrelation strategy
	Different antenna configuration for a fixed number of antennas and fixed decorrelation strategy
	Complementarity of the proposed strategies


	Conclusion
	References

	Saidur_FB_SS_for_2D_coherent_DOA_Estimation_Rev_during_proof.pdf
	Introduction
	Preliminaries
	Signal Model
	Structural Property of Uncorrelated Covariance Tensor
	Signal Model of the Coherent Signals

	Decorrelation of Covariance Tensor Based on Structured Tensor Reconstruction
	Forward-Backward Tensor Reconstruction Strategy
	DOA Estimation via CPD
	DOA estimation
	Identifiability in CPD

	Analysis of the Number of Degrees of Freedom

	Decorrelation of The Covariance Tensor Using FBSS
	Forward Smoothing
	Backward Smoothing
	Forward-Backward Smoothing
	Computational Complexity Analysis

	DOF Analysis and Optimal Array Design
	Optimization Problem for DOF Analysis
	Relaxed Real-Valued Solutions
	Determination of Optimal Integer Solutions
	Cramer-Rao Bound (CRB) for 2D DOA Estimation

	Simulation Results
	Optimal Array Configuration
	Comparison of DOFs
	Estimation Accuracy Analysis
	Connection between Number of DOFs and DOA Estimation Accuracy
	Tensor versus matrix-based methods for a fixed array configuration
	Forward-only versus forward-backward case for a fixed array configuration and decorrelation strategy
	Different antenna configuration for a fixed number of antennas and fixed decorrelation strategy
	Complementarity of the proposed strategies


	Conclusion
	References




