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ABSTRACT

We consider the problem of jointly optimizing amplify-and-
forward (AF) multiple-input multiple-output (MIMO) relays
and single-antenna receivers for multipoint-to-multipoint
(MP2MP) communications using weighted sum mean-square-
error (MSE) as a system performance measure. This op-
timization problem is nonconvex and the optimal solution
cannot be obtained in polynomial time. By applying first-
order approximation for the quadratic term, we show that this
problem can be approximately reformulated as a semidefinite
programming (SDP) problem, which is then solved succes-
sively in an iterative way. The performance of the proposed
scheme is compared with the lower bound (LB) of the global
optimal solution that is obtained with increased complex-
ity using the MSE-profile approach, and the bisection and
semidefinite relaxation (SDR) techniques. Numerical results
show that the performance of the proposed successive con-
vex approximation (SCA) approach is very close to the LB
of the global optimal solution and is much better than the
zero-forcing MIMO relays.

Index Terms— MIMO relays, successive convex opti-
mization, semidefinite relaxation.

1. INTRODUCTION

Recently, the application of multiple-input multiple-output
(MIMO) relays for cooperative communications has received
a significant level of interest [1]-[2]. The problem of op-
timizing amplify-and-forward (AF) MIMO relay is solved
in [1] for a point-to-point communication case whereas in
[2], the MIMO relay design is considered for the down-
link of a multiuser system. In [3], semidefinite relaxation
(SDR) technique is applied to solve the problem of mini-
mizing the relay transmit power while satisfying the signal-
to-interference-plus-noise (SINR) requirements ( the quality
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of service (QoS) approach) for all single-antenna users in
a multipoint-to-multipoint (MP2MP) communication sys-
tem having both perfect and imperfect instantaneous channel
state information (CSI). This work is extended to multiple
MIMO relays case in [4] which also solves the problem of
maximizing the worst-case user SINR under individual relay
power constraints (max-min approach). Although, the QoS
and max-min approaches handle fairness issue in multiuser
communication in an efficient manner, these methods do not
necessarily optimize the overall system performance. As a
result, in this work, we focus on optimizing the system per-
formance which is characterized by weighted sum MSE. To
the best of our knowledge, there has been so far no work
dealing with the weighted sum MSE minimization of M2MP
network. It is also worthwhile to mention that the problem
of minimizing weighted sum MSE is more difficult to solve
than the problems considered in [3]-[4].

In this paper, we consider the problem of minimizing the
weighted sum MSE under individual relay power constraints
for MP2P network that consists of multiple AF MIMO relays
and single-antenna source-destination terminals. As it will
be clear later in Section 4, this optimization problem can be
reduced to the problem with only relay matrices. However,
such problem is essentially the problem of minimizing the
sum of the ratios of convex quadratic functions, which is a
nonconvex optimization problem for which there exists no
algorithms that can achieve global optimal solution in poly-
nomial time [5]. In this context, instead of working with the
reduced problem having only relay matrices, we deal with
the original optimization problem as it is, i.e., the problem
having both the relay matrices and receiver coefficients. We
propose to use linear approximation of the quadratic terms of
receiver coefficients that are responsible for nonconvexity of
the problem. The resulting approximated convex optimiza-
tion problem is reformulated as a semidefinite programming
(SDP) problem, which is then solved successively in an it-
erative manner. We also compare the performance of the
proposed scheme with the lower bound (LB) of the global
optimal solution which is obtained at higher computational
cost from the combined application of MSE-profile approach,
and the bisection and SDR techniques.



2. SYSTEM MODEL

We consider a scenario where signal transmissions from K
single-antenna sources to K single-antenna destinations are
supported by & MIMO relays. Let IV, ; be the number of
antennas at the :th MIMO relay. It is assumed that each des-
tination is targeted by a single source. The direct links be-
tween the sources and destinations are not considered, since
we assume that these direct links undergo relatively larger
path attenuations/shadow fadings compared to the links via
MIMO relays. Furthermore, we assume that the MIMO re-
lays have complete CSI, which in our case, is the knowledge
of all instantaneous channels. We consider flat fading source-
relay and relay-destination channels. The ith MIMO relay
processes its received signal using a linear operator Z; €

CNwixNei and forwards the following signal to the destina-
tions: X«
Toi=Zi Yy hpay + Ziny,; € CNx! 0
k=1

where hy, ; € CNrix1 ig the channel vector between the kth
source and the ith relay, i € {1,---, R}, xy is the signal of
the kth source, and n,; € CNxix1 is the additive Gaussian
noise vector at the ith relay. It is assumed that E {z;} = 0
and E {|zx]*} = 1,Vk € {1,K}. We consider n,; ~
Ne (0,071, ). ie., the entries of n, ; are zero-mean circu-
larly symmetric complex Gaussian (ZMCSCG) with the vari-
ance afﬁi. The signal received by the kth destination can be
written as

K
Yd,k = ngkzi Z h;z; +n.;| +nqx (2)

i=1 j=1

where g; . € CNri*l contains complex conjugates of the

channel coefficients from the ¢th relay to kth destination and
ngq i is the additive noise at the kth destination which is as-
sumed to be ZMCSCG, i.e., nax ~ Ne(0,03 ;). We define

T
ag j £ [Vec(gl,khfl)Ta e avec(gR,kth)T] )
T T
enr = {VGC (g1,knf1) s, Vee (gR,knfR) } (3)
T
zy, £ [Zg,h o ’Z{,R]

where zj,; = vec(Z;) € cNe*1 and ay, ; and zy, are both
column vectors of length N = Zf‘;l Nr% ;- BEquation (2) can

be expressed as X

yd7k:akH,kzL:Ek +Zagszxj +e£{kzL +ngr. @)
j=1.j#k
The estimated signal & at the kth destination is given by
T = wrYa,r Where wy € C'*1 is the kth receiver coeffi-
cient. The resulting kth user MSE MSE;, = E {|z, — 2]}
becomes

MSE, = 1- w,szHak,k — wkagkzL + (®)]

2

ke where

wkw]?ZLHRT,kZL —+ wk,wﬁa
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K
H H H
Ry, = apray, + Zak,jak,j‘ +En,, {earens} (6
~—_— —

i=1,j%k
j=1.j# Ry

and Re , = blkdiag (U?JINM ® [gl,kgf{k]v T ’UrQ,RINr,R

®[gR7kgg}k]>. Note that from (3), we can write z1,;, =

AiZL, Vi, where Az = {Az}h v ;Ai,R} S RNr2=iXNR, Ai,i
. 3R
is an N2, x N2, identity matrix, and all {Ai,j} . are
: ’ j=1,j#i
all-zero matrices of sizes N2, x N?;. Using (1), and noting
that tr(YZYX) = vec(Y)? (XT @ Iy)vec(Y) for X, Y,

the ith relay power P, ; = En”_{%}?_l ro)iroﬂ-} can be
written as K -
H 2 HAH
Poi=Y z{'Ciyz + 02 zf Al Az, (7)
k=1

where C; , = Af{((hkyith,i)T @Iy, ) A,

3. PROPOSED JOINT OPTIMIZATION

In this section, we present the proposed successive convex
approximation (SCA) method for solving the weighted sum
MSE minimization problem with the individual relay power
constraints. The optimization problem can be formulated as

K
min  fo £ Z BLMSE;, s. t.
{wk‘}szl’zL k=1

28Dz, < PR ie{l,--- R} ®)

K2

where D; = Zszl Cir JrUiiAiHAi, {Pf‘}il are the pow-
ers available for all relays and {ﬁk}le > 0 are the MSE
weights for all destinations. Substitugng (5) into the objective
. . A
function of (8), defining Ry ;, = ijm;ék, ak,jaf’j + Re &,
and introducing the new variables {t; > O}kK=1 and Wy =
wi, we can rewrite (8) as
k
K
min Z tr s. t.

= K
{Wktr}p—; 2L k=1

. H o 12 H 2
Wy — ay ,2L]° + <ZL Rirz1, + Ud,k)

ty > Br

)

| |2
z{ Diz1, < P, Vi. )

Let wy, be expressed as wy, = Re {wy} + jIm {wy}, where
Re{ } and Im { } denote the real and imaginary parts of .
Then, |1 |? can be written as |1g|? = WkTWk, where v’vg =
[Re {wy}, Im {0y }]. With the following definitions,

zr, = [z ,1]", Rl,k = { Rik Oneoa ]

01x Ny U?i,k
~ D; Ongpx1 | = T
D, = ¢ RXL A e = [agk, 011 (10
[ O1x v 0 } bk = [k, 0]7 (10)



the optimization problem (9) can be written as
K
min tr s. t.
{ Wit} 2L ;
(Wi, — b(z1)]" [Wi — b(2L)] + 24 RuxZL
172
7Dz, < PR, Vi, 21,(Ng + 1) = 1.

VK,

1n

where zp,(Ngr + 1) is the last element of zj, and b(zr,) =
T

[Re {agkzL} Tm {agkzL}} . In (11), define f(wy) 2

v’v%v’vk which is convex. Thus, the first-order differentiability

condition can be given as [6]

FWk) = f(Wio) + (VF(Wio))" (W — W)
for all Wy, and Wy . In (12), Vf(Wy,0) is the gradient of
f(Wy) at Wi, = Wy . Since, Vf(Wy0) = 2Wy 0, We can

rewrite (12) as
_ _T _T
flwg) > 2Wj oWk — Wi oWk 0-

WLWE > B

12)

13)

Based on (13), the k£th nonconvex MSE constraint of (11), for
the given feasible Wy, ¢, can be written as
WL (Wi — Wi Wro — BrX £ X
—Brzf Rixty, "2 > 0 (14)

where X £ [wy, — b(z1)]. Applying Schur-complement the-
orem [6] in (14), we can write (14) as

[ tlo VBrX

which can be re-expressed as

Ay —t,'By =0 (15)
whereA - t.1, JBix
P VBRET 2wl Wi — W Wi
0 0
B, — 22 o 2x1 ~ . 16)
O1x2 VkaZL RﬁkRﬁkZL\/ﬁk

Note that By, can be decomposed as By, = ]~3,€H Bk, where

Bi = [0(np+1)x2> VB RE 2L (17)
Using Schur-complement theorem in (15), we have
tlIng+1 By
- - = 0. 18
{ B! Ay |~ 4o
From (15)-(18), we obtain
K
min tr s. t.
{Wr,tk b 2 ;
Uelngt1r Ovpt1)x2 VBkREkZL
O2x (Nr+1) t 1o VBEX =0,
VBezi R, BxT 2Wh Wi — Wi (Wi o
-1
Yk, ||ZED2|| < /PR, Vi, z(Ng +1) = 1. (19)
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- =0
T T - T ~H —1z =
VBEx 2Wk’0w;€ — Wi oWk,0 — Brzi Rixty, zr, }

The above SDP formulation is an approximation to problem
(11) at some feasible solution Wy, . The quality of this ap-
proximation can be improved by taking the solution wy, of
current iteration as the feasible solution for the next iteration.
This results into our proposed SCA algorithm which is sum-
marized in Table I. In each iterative step, the convex problem

TABLE I - SCA Algorithm :

Step 1: Initialize feasible Wy o and set the maximum
number of iterations /..

Step 2: Solve the convex optimization problem (19) to
obtain {wh 1z, and {t,} .

Step 3: Update Wy, o as W, = Wi, Vk.

Step 4: Go to step 2 until | fi™ — fi| < e orl = lyay.

(19) is solved with the improved feasible solution Wy, o. Thus,
at each iteration of the SCA Algorithm, the objective function
decreases. Furthermore, since the sum MSE objective func-
tion is lower bounded by 0, the algorithm is guaranteed to
converge. However, convergence to global optimality cannot
be guaranteed. More details on convergence and optimality
of this algorithm are left for the journal version of this paper.

4. LOWER BOUND VIA SDR APPROACH

Since the relay power constraints do not depend on {wk}szl,
the optimal {wk}le for the given zj, can be obtained by
solving the first-order derivative of (5) w.r.t. wy. This results
into the following minimum MSE solution:

H
Z1, A,k

, V. (20)

wg = 3

"
zi R 21, + Tk

Substituting (20) into (5), we can obtain the weighted sum
MSE as a function of zj,. This step along with some simple
derivations, yields the following weighted sum MSE:

K H 2
~ Z RI,kZL + o
Jo= E Bk [ = ]
k=1

na,k

21

H 2
Zi, RT,kZL —+ Jnd,k

MSEk (ZL)

which is nonconvex function of z;,. Hence, the following
power constrained weighted sum MSE minimization problem

min fo s.t. 28 Dyzy, < PR Vi (22)
zy,

is nonconvex which cannot be solved globally in polyno-
mial time. We know that MSE(z1,) can be expressed
as MSEy(z1,) = viefo. Vk where {0 <y < 1},?:1 and
Zszl v, = 1. This means that ~; quantifies kth user’s con-
tribution to the overall MSE. For a given vy = [v1, %2, -+ , Vi,
which we call MSE-profile vector in analogy to the rate-
profile concept in [7], we can rewrite (22) as
min fo s.t. MSEk(ZL> < ’ykfo,Vk,

ZL,Jo

2Dz, < PR, Vi, (23)



Using MSEy, from (21) in (23), defining 72 szf and re-
laxing the rank-one constraint of Z, we can write (23) as

min fp s.t.

Z»f()

tr ((kaoRT,k - RL,@)Z) + (yefo — 1)o2, 5 > 0,k
tr (ZDi) < PR vi. (24)

For the given profile vector « and fo, this is a quasiconvex
function w.r.t. Z which can be solved using bisection search
[4], [8]. At each step of the bisection search over fo, we solve
the SDR feasibility problem for (24) w.r.t. Z at fm = %
where fiand f, are, respectively, the lower and upper bounds
for fo. If the problem is feasible, we set fu = fm, otherwise
we set fi = fm. Now, it remains to apply this process for
all possible «. For this purpose, we first divide the interval
[0, 1] of each vj into L equal divisions to get v, = %,
n=20,1,--- L. Then, from (L+1)K values of v, ,,, we select
the combinations of 7y, for which Zle Ve, = 1. The
selected combinations form all possible profile vectors <. The
relaxed problem (24) is then solved for all aforementioned
and the Z that gives the best (minimum) fo is taken as the
optimal solution. However, the computational complexity of
this approach increases rapidly with K and N. Moreover,
since the rank-one constraint in (24) is relaxed, in general,
we will only obtain LB to the global optimal solution of (22).
Nevertheless, this bound serves as an important benchmark
for assessing the performance of the proposed SCA approach.

S. NUMERICAL RESULTS AND DISCUSSIONS

For numerical simulations, we take N, ;=/N, and afi = af
’ )

foralli=1,-,R, 05, =ojand f, = 1forallk =1, K,
K =3, R =2, and ¢, = 10~%. All channel coefficients are
zero-mean complex Gaussian distributed with the unit vari-
ance. For comparison, we also include the performance of
zero-forcing (ZF) MIMO relays (applicable for N, > K)
for the case N, = K. These ZF MIMO relays are given
by Zl = OéZGl[G{{GZ]_l[HZHHZ]_]‘H{{,VZ, where Gz =
[gi717 N gz}K} and H; = [hl,u s hK}i] are N, x K matrices
and «; is the scaling factor that needs to be properly selected
for satisfying the power constraint of sth MIMO relay. The
linear receivers for the latter case are taken as {wk}kl,(zl =1.
All simulation results are obtained by averaging over 100
independent channel realizations. The convex problem (19)
and the convex feasibility problem in (24) are solved using
the CVX software. The convergence precision for bisection
search in (24) is set to 0.001. In Figure 1(a), we compare the
average sum MSE as a function of o3, obtained from the pro-
posed SCA with the LB of the global optimal solution. In this
figure, we take 02 = —15 dB and PR = 3 dB for all i. As ex-
pected, in all methods of Figure 1(a), the sum MSE improves
when 0(21 decreases. Furthermore, it can be observed from this
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Fig. 1. Performance of the proposed SCA and LB to the
global optimal.

figure that there exists negligible difference between the pro-
posed method and the LB to the global optimal solution. For
N, = 3, it can also be seen from Figure 1(a) that the pro-
posed SCA method significantly outperforms the case with
ZF MIMO relays. The average sum MSE versus o2 is dis-
played in Figure 1(b) for the proposed method with 03 = —10
dB. Again as a reference, the performance of the ZF MIMO
relays is shown for N, = 3. It can be observed from Fig-
ure 1(b) that the proposed approach is very close to the LB
of the global solution. Moreover, in contrast to the compu-
tationally prohibitive grid search required to obtain the LB
solution, the SCA scheme converges in few iterations, e.g., in
average, only 10 iterations are required with the initialization
w0 = [1,0]7,Vk, N, =2 and 02 = 03 = —15 dB.
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